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PREDICTABILITY : SHORT- AND LONG-TERM MEMOR Y OF
THE ATMOSPHERE

Klaus Fraedrich
Universität Hamburg, Germany

Abstract

The predictabilityof a systemis closely linked with its short-andlong-termmemory. Short-termmem-

ory is describedby anexponentiallydecreasingauto-correlationwith finite integral time-scale,which also

characterisesthesensitivedependenceof, for example,weatherandatmosphericflowsontheir initial condi-

tions.Toy forecastexperimentsareintroducedto demonstratepredictabilityanalysisbasedonthestatistics

of forecasterrorsandensembleforecastsin imperfectandperfectmodelenvironments:Persistencefore-

castsin rednoise(systematicandnon-systematicerrorgrowth; lag-averagedensembles,their spreadand

error) andthe Lorenzmodelfor identical twin predictions(attractortopologyidentifiedby instantaneous

uncertaintygrowth, ensembledynamics,optimalgrowth). Ensembleforecastsof therealatmospheresup-

plementthesetoy experiments:Thepastweatheranalogensemblestatistics(ensemblespreadandscaling)

yield estimatesof the correlationdimensionandentropy whenmeetingthe perfectensembleandperfect

modelhypothesis.Thelow dimensionobtainedfrom localweathertime seriesis supportedby low degrees

of freedomestimatedfrom numericalweatherpredictionensembleforecasts.- Long-termmemoryis de-

scribedby anauto-correlationwith apower-law declineandaninfinitely largeintegral time-scalewhich, in

part,characterisesthevariability of weatherandclimateextendingover many time scales.This long-term

memoryis observedin almostall localnearsurfacesoil andair temperatures(but not in precipitation)both

in observedandsimulatedtime serieswhensubjectedto detrendedfluctuationanalysis.Similar long-term

variability occursin theconceptualmodelof Fickiandiffusionwhich, if excitedby randomfluxes,relaxes

towardsthe earth’s greenhouseby Newtoniancooling. Long-termmemorymay alsobe inducedthrough

teleconnectionpatterns(North Atlantic Oscillation or NAO) and their variability. They areanalysedin

idealisedatmosphericandcoupledocean-atmospheremodelexperiments:On shortertime scales,the at-

mosphericforcing (few days)by transienteddiesdrivesthenon-linearbarotropictendenciesandleadsto a

NAO-life cycle of a coupleof weeks.On longertime scales,theatmosphericNAO modecoupleswith the

oceanandleadsto its decadalvariability. Theoutlookadressespredictabilityissuesin GlobalChange.

I. INTR ODUCTION: SOME BASICS

Thetime-evolutionof weatheror climateis convenientlycharacterisedby its memory.
Theshort-termmemoryof dynamicalsystemsis associatedwith afinite integral time-
scaledueto an exponentialdecayof the auto-correlationbetweeninitial andfuture
states,C(r) ���������
	���
������ with the time lag � normalizedby ��� . Toolsof its explo-
rationhave beendevelopedin predictabilityanalysisandthey arebeingexploited to
improveweatherforecasts;theappropriatekey wordsarelocal Lyapunov exponents,
optimal growth andbreeding,ensembleforecasting,etc.. In contrast,the long-term
memoryis characterisedby an infinite integral time-scaleandlinked to a power-law
decreaseof the auto-correlation,� ������������
���������� with �������! . The methods
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of its
"

analysisarestill beingdevelopedandtheunderstandingis far from beingcom-
plete.Longandshorttermmemoryarethetwo majorsubjectsof nonlineardynamics
with strongimplicationsfor weatherandclimateprocesses.

Weatherisanonlineardynamicalsystemwhoselimited predictabilityis dueto theever
presentinitial analysiserrorsor uncertaintiesandits internalinstabilities.Predictabil-
ity is describedby the evolution of the forecast-errorandmeasuredby the distance
(or correlation)betweentheforecastandits correspondingverificationmap.Fig. 1.1
shows a schematicrepresentationof the(squared)errorgrowing with leadtime after
averagingovera setof individual forecastsof differentinitial conditionsandweather
patterns.Two domainsof this diagramareof interest,which arerelatedto theshort-
and long-termmemoryof the system: (i) The effect of initial uncertaintieson the
short-termmemoryis characterisedby (instantaneousandeffective)growth ratesand
by crossing-timesof error levels,which areintroducedasmultiplesof the initial er-
ror magnitude(errordoubling,etc.) or astheerrorof a referenceprediction(climate
mean,etc.).Thelatteris commonlyreferredto asapredictabilitylimit. (ii) Saturation
is reachedoncethe initial valueis ’forgotten’andthe forecastsbecomeindependent
of theinitial condition.Now long-termmemory, if it exists,takesoverandaffectsthe
time evolution of thedynamicalsystem.This memorydoesnot neccessarilyprovide
sufficientpredictiveskill at ultra-longforecastleadtimes.

Fig. 1.1- Error growth curve: Samplemeanof individual weatherforecasts(schematic).

The following lecturenotespresentpredictability issuesrelatedto short-and long-
termmemoryprocesses.Short-termmemory(SectionII) is exploredusingtoy fore-
castexperimentsandtherealatmosphere.Toy systemsareintroducedto demonstrate
thepredictabilityanalysisin animperfectandperfectmodelenvironment:Persistence
forecasting(weatherremainsasdefinedby its initial state)is usedhere(SectionII B)
to provide imperfectpredictionsof a rednoiseatmosphere,which servesasnull hy-
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pothesisfor significancetests.Experimentswith individual forecasts,which demon-
stratesystematicandrandomerrorbudgets,aresupplementedby ensemblemeanpre-
dictionsgeneratedby a sequenceof individual forecasts.Suchpredictabilityexperi-
mentsexhibit many featuresobservedin practicalweatherforecasting.(ii) Identical-
twin predictionswith the Lorenz-Saltzmanmodel serve as a paradigmof weather
forecastingperformedin a perfectmodelenvironment(SectionII C): Analysingthe
forecastexperimentsby instantaneousasymptoticandoptimaluncertaintygrowth un-
folds a predictabilityrelatedattractortopology, which appearsto be typical for low-
orderchaoticsystems.Effectiveoptimalgrowth is introducedto demonstrateanother
ensembleforecastingtechniqueby employing singularvectordecompositionto the
lineartangentversionof themodel.

Forecastsof therealatmospheresupplementthesetoy experiments:Pastweatherana-
log statistics(SectionII D) andnumericalweatherprediction(NWP, SectionII E)
representforecastsin a perfectand an imperfectmodel environment. In a perfect
model-ensembleenvironmentanalogforecastsprovide a predictionrelatedinterpre-
tation of the (order-2) dimensionandentropy. In the imperfectmodelenvironment,
degreesof freedomhave beenestimatedfrom the spreadof NWP ensembleforecast
mapsto identify areaswherethepredictabilityneedsto beimproved.

Long-termmemory(SectionIII) is documentedfor climatetime seriesapplyingde-
trendedfluctuationanalysis(SectionIII A), which doesnot supportthe Brownian
motionanalogof climatefluctuations.Instead,a FickiandiffusionandNewtonianre-
laxationclimatesystemdrivenby randomfluxesis suggested.Atmosphericdynamics
alsoinduceslong-termmemorythroughteleconnections(North Atlantic Oscillation
or NAO, SectionIII B). The analysisintroducesidealisedatmosphericandcoupled
ocean-atmospheremodel experiments:On the shortertime scales,the atmospheric
forcing (few days)by transienteddiesdrivesthenon-linearbarotropictendenciesand
leadsto a NAO-life cycle lastinga coupleof weeks. At longer time scales,the at-
mosphericNAO modecoupleswith theoceanleadingto its decadalvariability. Pre-
dictability issuesin GlobalChange(SectionIV) concludethisessayonpredictability.

II. SHORT-TERM MEMOR Y: FROM PROBABILITY FORECASTSTO
ENSEMBLE BREEDING

Predictabilitycharacterisesthe weatheror climatesystem’s sensitive dependenceon
initial andboundaryconditionsdueto internalinstabilities.Predictionsof thefirst kind
dependon initial conditionsandare dominatedby internally occurringinstabilities
at fixed boundaryconditions;numericalweatherprediction(NWP) is a prominent
example.Predictionsof thesecondkind relatetheresponseof thesystemto changing
boundaryconditions;suchpredictionscanbeassociatedwith structuralstability and
long-rangeforecasts.Third kind predictionsmayberelatedto thetransientevolution
of coupledsystems,eachwith adifferentmemory;climateshiftsassociatedwith man-
madeglobalchangeis oneexample.

Predictabilityanalysisdescribesthe error budget in termsof the time evolution of
forecasterrorsmeasuredby the distancebetweenforecastand verification. These
analysescanbe interpretedin analogyto a diffusion processin statespace:Single
particle diffusion correspondsto an analysisof the verification trajectoryonly; its
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distance# from theorigin representstheerrorgrowth of thepersistenceforecast.It is an
importantreferencefor forecastquality evaluationandwill be discussedlater. Two-
particlediffusion providesthe standardframefor an individual forecastevolving in
relationto its verification.A largersetof particlesrepresentsensembleforecastswith
dispersingtrajectories.Definingappropriate(initial conditionsof) ensemblemembers
andrelatingtheir stastisticsto theverificationtrajectoryis subjectof thetoy systems
analysed.

Predictabilityexperimentsprovide the datafor diagnosingthe error budget. Exter-
nal (practical)predictabilityexperimentsarelinkedwith thepracticaltaskof weather
or climateforecasting.The biasdueto differencesbetweenmodelandreal climate
(systematicerror) is oneof the problemsmet in analysingpredictabilityof models
operatingin an imperfectmodelenvironment. Internal(theoretical)predictability is
relatedto smallperturbationsin initial or boundaryconditionsgeneratedby modelat-
mospheres;this leadsto ’identical twin’ experimentsin a perfectmodelenvironment.

Explorationof the atmosphere’s short-termmemoryandutilising its propertieshas
improvedthepracticalforecastingin detailandits performancein general.In partic-
ular, singleforecastshavebeencomplimentedby ensemblepredictionsto forecastthe
forecasterror andestimatethe probability of future weatherstates.That is, ensem-
ble forecastingplaysa prominentrole in weatherforecastingandclimateanalysis,
which is linkedto chaosresearchandthesensitive dependenceof weatheror climate
on initial conditions.

A. Who started it all?

A centuryagothe world’s first probabilisticweatherforecastswere issuedin West-
ernAustraliaandevaluatedabouteightyyearslater(in theMonthly WeatherReview:
Cooke 1906[10] andFraedrichandLeslie 1987[19]). During the year1905,daily
weatherforecastsfor two districtsin WesternAustraliawereamendedby quantitative
weightsof the forecasters’confidencein their predictions;theseweightsrangefrom
1 to 5 or from not likely at all to almostabsolutecertainty. Evaluatingtheir skill and
reliability (Fig. 2.1), probabilities(0, 10, 60, 90 and100%)areassignedto Cooke’s
weights. The Cooke’s forecasttrial showed that the high confidenceweightswere
mostfrequentlypredictedsothat theBrier scores(rmserrorof probability forecasts)
attainhigh values. SinceCooke’s time, automaticrecordingof long recordsof sta-
tion data,sophisticatedstatisticalanddynamicaltechniquesandpowerful computing
deviceshave encouragedthe issuanceof weatherforecasts.They provide the distri-
bution of possiblefuture weatherstateseitherdirectly asan ensembleforecastor in
probabilisticterms.

Tab. 2.1- Threehighlightsin forecastingpredictability.

E. Cooke (1906[10]) Firstprobabilityforecasts(Australia),quantifyingconfidencein

daily forecastsandthusanticipatinglaterdevelopments

E. Lorenz(1963[51]) Sensitive dependenceon initial conditions(or chaos)

K. Popper(1965[65]) ’Of CloudsandClocks’and’The OpenUniverse’

WeatherServices(90s) Routineensemble-prediction:Forecastingof theforecastskill
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Up to now considerableprogresshasbeenmadein nonlineardynamics(andthephilo-
sophicalaspectsof complexity, Tab. 2.1), commencingwith the pioneeringwork of
Lorenz [51] and Popper[65] in the sixties of the last century. Thus Cooke’s first
associationof weatherforecastswith forecasterror estimatesis commonpracticea
century later, with predictability (or chaos)theory being appliedto practical fore-
casting.Thefollowing subsectionsaddressbasicpredictabilityissuesusingbothtoy
modelexperiments(SectionsII B andII C) andtherealatmosphere(SectionsII D and
II E); this includesensemblepredictionsemploying lag-averagedforecasting(LAF),
optimal growth andbreedingmethodsto identify andgeneratethe initial ensemble
members.

Fig. 2.1 - Reliability diagram(afterFraedrichandLeslie1987[19]) of thefirst probabilityweatherfore-
castsfor two districtsnearPerthin WesternAustraliaduring 1905. The first two of the five confidence
weightshave beenquantifiedaposterioriin probabilisticterms(abcissa);thenumberof predictionsis also
indicatedandtheBrier scores(lower right).

B. Persistencein rednoise

Persistenceforecasts(’ theweatherwill remainasit presentlyis’) in a rednoiseenvi-
ronmentareanalysedanalyticallyto simulatetheimperfectmodelforecastingexperi-
mentswith atoy model(FraedrichandZiehmann1994[22]). Theresultsof individual
andensemblepersistenceforecastsin rednoiseare,in someaspects,similar to NWP
experiments.Rednoiseis introducedasa substituteatmosphereusinga first order
auto-regressiveGaussianprocess,AR(1), which includesstochasticforcing $�% added
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with# eachtime step & . The processis discretein time andcontinuousin the state
variableX, representedby fluctuations, ' ��()�+* �,'�-/.0'21 ��()� , aboutzero mean�3'4- * � ; time (sample)averagingis denotedby the brackets, �5- , andthe prime'21 * ' describestheanomalies.ThestochasticAR(1)-processis thediscrete-time
analogueof thecontinuous-timeLangevin equation.

Tab. 2.2- Rednoiseatmosphere(AR(1)-process).

autoregressive process 6�798;:=<?>@6�798BADCE:GF3H@IJ<K>MLN6�798BA�OP:GFDQ L�R IS > S HUT R S
autocovariance VW7XOP:Y<WZ[6�798;:\6]7X8^F_OP:\`a<?bGcN> L
spectrumintegral d�7XeY:=<?d=cf�g 7hC�F3>�caA]i�>@j)kNlP7me�:;:
integral timescale no<?QqpL)r[s VW7XOP: g b c <+C g 7;CaA�>M:

Time integration of the auto-correlation,� �;�t�U
tuwvx*zy{v , definesthe integral time
scale,| * }} �w~ or }� *  	�yK�4�;��}~ , asa measureof thelife time of a perturbation.
Thewhitenoiseforcing $�% with zeromean��$�%
- = 0 is definedby theauto-covariance,�z$�%h$P��- *��t�^��( % 	�( � � vanishingfor ���*/� . The relatedwhite noisespectrum�w� *�uwv� & canbedefinedby theunit timestep,& , sothat �5*�uwv� . Thevarianceof the
response,u v * � � ' 	 ��'�- � v - , is relatedto thenoiseor randomforcing intensityuwv� *�uwvG�  	�yGv�� , which is  	,y{v of thetotal variability. As thedeterministicpartof
thefluctuationscontributestheremainingyGv , thesignalto noiseratio is yGv�
^�  	�y{v�� .
Rednoiseatmosphere(Tab. 2.2) � ��� y �q � : Thisfirst orderauto-regressiveprocess
is oneof the simplestnon-trivial processessimulatingmany observedaspectsof the
variability in theatmosphere.For ��- }� , thespectrumS dropsby a � �Yv power-law.
A large (small) rednoiseparameter, a, describesweatherregimeswith large (small)
integral timescales,| , whichareassociatedwith small(large)intensitiesof thewhite
stochasticforcing spectrum

� v� . For sufficiently low frequencies��� }� , theresponse
spectrumflattensto white noise. Note that the randomwalk �hy2*  � commencesat' �;()�]* � and,after r time steps,reaches' ��( . ����* Q % $�%E�)� *  ��@�9� � . It is non-
stationaryasits variancegrows linearly with time �5' v���( . ��� - * � Q % $ v% - *���uwv� ,
because��' ��( . �t� - *�� ��$ % - * � .
Tab. 2.3 - Chance,climate, and persistenceforecasts���\��� for lead time r and their mean
squared(ms)forecasterrorsE in therednoiseatmosphere.

model forecast mserror comments

chance �B�a7XOP:Y<�6 S � �a7XOP:Y<Ki�b c distanceof independentstates

climatemean �B� 79O�:=<WZ[6�` � � 79O�:=<¡b¢c referenceforecast

persistence �B£�7XOP:=<¡6�798BA¤OP: � £�7XOP:=<?i�b c 7;CaA�>@L@: residingin theinitial state

combination �¦¥M7XOP:=<?§^�B£¤F�¨{�B� � ¥M7XOP:[<?b c 7;C©A_>@LP: AR(1)-process:§¤<?> ; ¨�<¡ª
Chance, climate, andpersistence: Theseforecastsserveasreferencepredictions« �;�t�
for the leadtime r (Tab. 2.3). They arecommonlyevaluatedby the meansquared
(ms) forecasterror ¬ * � � « 	 ' �
v - sampleaveraged�5- over the forecastex-
periments;anomalycorrelationsareanothermeasureof accuracy frequentlyusedby
nationalmeteorologicalcentres.Chanceforecasts,«�­ , selectinitial valuesatrandom;
thems-errorcorrespondsto thesquareddistancebetweenindependentweatherstates,
which is twicethevarianceof thesystem,® uwv . Climateis aprediction,«a¯ , by thecli-
matemean;thems-errorcorrespondsto thesystem’svarianceanddefinesa threshold
for a predictability limit T. Persistence,«�° , is a fundamentallyimportantreference
forecast,becauseonly forecastsbetterthanpersistencehaveskill in theforecastof the
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time derivative. Persistencepredictsthe future weatherstates,' ��()� , by the initially
observed state ' ��(²±�� ; that is, a persistenceforecast,«w³ ����� , commencesat the time(²±´*!(W	�� with the observation «�° �����3* ' �;(²±M�3* ' ��(µ	¶��� . It is evaluated(af-
ter the leadtime r), by the verification ' �;()� . Forecastandverificationareanalysed
asa pair of trajectoriesevolving in statespace,whosesquaredEuclideandistanceis
thesquarederror ��v_*·� ' 	 « �)v andtheaverageis takenover all verificationpairs¬ * � � v - .

Tab. 2.4- Imperfectmodelexperiments:ForecastsF(r) andverificationX.

errorstatistics definitions persistencein rednoise

error ¸ <K6¶A_� ¸P798º¹hOP:[<¡6]7X8;:[A¤6]7X8[A�OP:
meansquarederror � 79OP:[<WZ=¸NcE` � 7XOP:=<?i�b¢cM7;CaA�> L :
conditional � 79Ot» 6 s : Z[6 cs `?7;CJA�>ML@: c FDb c 7;CaA�> c L@:
systematic d � <WZ©7;Z=�¼`¡A½Z=60` c ` b c 7hC©A]>MLP: c
non-systematic ¾ � < � A]d � b c 7hC©A]> c L :
errorgrowth law � L <½¿{7 � ¹;OP: � 7ÁÀ�:²Â C©A � g � 7ÁÀD:\Ã g n
predictabilitylimit � 79OÄ<DÅ :[<?b¢c Å¡<¡ÆÈÇ=79iP: g ÆÈÇ=7;C g >M:
saturationerror � 79OÄ<¡À�: i�b c

Predictability experiments(randomand systematicerrors): Mean squarederrors,
which grow with increasinglead time r, show two domainsthat deserve particular
analysis(Tab. 2.4). Theshorttermmemoryaffectsinitial errors ¬ ���D* � � anderror
growth-rates¬oÉ *ËÊ�ÌÊ É . A limit of predictabilityis definedastheleadtime Í atwhich
thepredictionerrorexceedsthatof areferenceforecastconvenientlyintroducedby the
errorof theclimatemeanforecast,uwv . Thatis, predictionsat leadtime � -�Í needed
to exceedthepredictabilitylimit Í *���� ® 
t���©y (setting ¬Î° ���¡* Í �0*�uwv ). As T is
proportionalto the integral time scale| of weatherregimes, ����}~ �Ï}� , the effective
forecastrangeis limited by thelife-spanof its mostenergeticphenomenon.Saturation
is reachedatlargeleadtimeswhenforecastandverificationbecomeindependent.That
is, their correlationvanishesandthe meansquarederror ¬ �;�¡ÐÒÑÓ��* ® uwv defines
themeandifferencebetweentwo randomlychosenweatherstates(chanceforecast).

In animperfectmodelenvironmentthemeansquarederrorcanbeseparatedin system-
atic, SE,andnon-systematicor randomcomponents,RE. Given the initial anomaly' ± , the persistenceforecast, « �;�t��* ' ± for lead time r, is associatedwith the
verification time seriescommencingfrom this anomalyat the r-th step backward' �;()�]*Ëy É ' �;(¦	��t� . Q É � }%XÔ ± y % $�É � % . Averagingthe ms-errorover a sampleof the
forecast-verificationpairs, �5- , conditionalon a fixedinitial anomaly, ' ± , yieldsthe
conditionalforecasterror, ¬ �;�^Õ ' ± �¤* ' v± �  	¶y É �
v . uwvG�  	�yGv@��� (seeFig. 2.2a-
c). Averagingover all squaredconditionalanomalies' ± leadsto the unconditional
error budgetandto the distinctionbetweenthe forecasterror’s systematicandnon-
systematicor randomcomponents,

� ¬ *�uwv¢�  	�y É �)v and Ö�¬ *�uwv¢�  	�y{v É � , which
combineto ¬ * � ¬�.×Ö�¬ (Fig. 2.2c). The systematicerror is smallerthan the
randomerrorandbothapproachunity for infinitely large leadtimes. At the limit of
predictability, r = T, thesystematic(non-systematic)errorattains }Ø �MÙØ � of theclimate
variance.The initial error growth ratevanishesfor systematicerrorsbut is finite for
the randompart. (v) Persistenceforecastsaveragedover the sameinitial anomalies' ± show thesystematicerrorincreasingwith thedistanceof theinitial conditionfrom
theclimatemean,for which forecastsareexpectedto bebetter � � ¬ * � � .
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a) b)

c)

Fig. 2.2 - Error of persistenceforecastsof a red noiseatmosphere:(a) Time evolution of the squared
error distribution: Mean,median,upperand lower terciles(0.66,0.33) of persistenceandclimatemean
predictions,(b) error at lead time OK<�C dependingon initial anomaly-conditions,and (c) systematic,
non-systematicandtotal error.

Error growth: This measureentersthe laws of error growth, ¬oÉ *�Ú � ¬3� �t� . Most
error laws are similar to a Verhulst-typeequation,wheregrowth is confinedby a
quadraticsaturationerrorfeedback.Persistencein rednoiseconfinestheerrorgrowth
rateby a linear term: ¬ É * ® uwv@y É �;�Ä�  
ty^�¤� ¬ �ÛÑ¶�P�  	 ¬ 
 ¬ �ÛÑ¶�)�U
 | substitutingy�*��  	 ¬ 
�uwvM� }EÜ É . Initial growth, ¬ É ���¤* � �Ä�  
 | , is largein processeswith very
shortmemoryandthe growth decreaseswith increasingerror sizeE(r). That is, the
oftenmisinterpretedgeneralizationthat largeerrorsgrow slower, holdsonly for pre-
dictability experimentsin thesameforecastenvironment(a = const.)wheretheerror
growth decreaseswhenapproachingsaturation.If regimechange� ��� y �q � occurs,
their climatologyhasto beincludedin theerrorgrowth analysis.

Lower and upper boundsof predictability: Persistenceplus half-trendforecastsof
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thestateX(t) havebeensuccessfullyusedin empiricalseasonalforecasting:«�Ý �����¦*' �;(�	���� . }v�Þ ' ��(¢	����¢	 ' �;(�	 ® ���ºß . Theperformanceof thisschemeshowsalsointer-
estingsimilaritieswith NWP models.Smallerscales(that is, processeswith shorter
memoryor smallera) tend to have larger initial errors, ¬ �;�Ó* � ��*à}v uwvG�  �. y^� ;
smaller initial errors E(r=0) are associatedwith smaller initial error growth rates,¬ É ���,* � �]* ®�¬ ���+* � �@�  	xy^�P�  �. y^�N� } �;�Ä��}~ � . Both resultsleadto usefulpre-
dictability estimates,whicharesimilarto resultsobtainedfrom practicalweatherfore-
casts:(i) Thelink betweendecreasinginitial errorsE(r=0)andtheincreasinglimit of
predictabilityT maybeextrapolatedto yield a lowerboundof thepredictabilitylimit.
It characterisesthe potentialfor improving analysisschemeswithout simultaneous
improvementsin modelperformance.(ii) An upperboundmaybereachedwhen,in
addition,thesystematicforecasterrorcanbereducedto zero.

Ensembleforecasts: Ensemblemeanforecastsareintroducedwith theaim (i) to im-
prove the forecastand to (ii) estimatethe forecasterror, so that an estimateof the
futureprobabilitydistributionof theatmosphericstatesis possible.Theanalysiscon-
sistsof boththeensemblestatisticsandtheerrorstatisticsof theensembleforecasts.

Perfectmodel/ensemblehypothesis: Theperfectmodel/ensemblehypothesisprovides
the backgroundfor introducingan ensembleof individual forecasts,« % ����� for � *
 ��M�X�9�9�Uá , andits ensembleaverage,Þ «�% ßw* á � } � Qqâ%9Ô } «�% � , to predicta field variable
X. A perfectensemble(r = 0) consistsof ensemblemembers«a% , which arechosen
suchthatthemeandistancesbetweenall members,Þ ã %È� v ßw* á � } Q â%9Ô } � Q â � }�EÔ } � « % 	«©� �
vt
^� á 	  �E� , representtheanalysiserror Þ ��v% ß©* Þ ã %È� v ß . In aperfectmodelforecast��� -q� � theensembleremainsa perfectone:Themeansquareddistancebetweenall
members,Þ ã %È� �;�t�)vPß , correspondsto themeansquarederrorof all individual forecasts,

Þ � % �����
vMß�* Þ � « % �;�t�G	 ' �)vPß�* Þ ã %È� �����)vPß . Thusthefollowing resultscanbededuced(see
Tab. 2.5,2.6): (i) Themean-squarederrorof theensembleaverageforecastis about
half of themeanof thesquarederrorsof theindividual forecasts:¬ â * }v Þ ��v% ß²� áä. �U
 á . (ii) Thereis a linearrelationbetweentheensemblespread

� â andtheerrorof
theensemblemean,¬ â * � â � á�.� �E
B� á 	  � , becauseÞ ã %È� v ß�* ® � â 
B� á 	  � .

Tab. 2.5- Perfectmodel/ensemblestatistics.
ensemblestatistics Â 7Á� S A�65: c Ã�<+7hÂ � S ÃtA]6�: c F¡Â 79� S A�Â � S ÃX: c Ã perfectmodel/ensemble

ensemblemean �Bå!<,Â � S Ã
spread(variance) d å <,Â 79� S A�Â � S ÃX: c Ã set 6x<?ª d å <,Â � cS ÃtADÂ � S Ã c
pairwisedistance Â æ cS ç Ã¢<+Â 79� S ADÂ � ç ÃX: c Ã set 6�<K� ç Â æ cS ç Ã¢<¡iPd å_è g 7 è A3CE:
errorof ensemblemean � åË<,Â 7Á�BåxA�65: c Ã set 6�é<Kª � å!<,Â ¸ cS ÃtA]dGå

Tab. 2.6- Lag-averageforecasts(LAF) of persistencein rednoise.

ensemblemean � å <+Â �µ7XO©F�ê�:ÁÃ�< è+R I Q å R IS rBs �µ7XOJF_ê�:
ensemblespread d å <KbGc@ë@C©A37hC�F�>M: è+R I 7;C©A]>�: R I F3i�>�7;CJA�> å : è+R cM7hC©A]> R c�:Ûì
meansquarederror � å <KbGcPë@C�FK7hC�F�>¦A]i�> L 7hCJA�> å :;: è+R I 7;C©A]>�: R I Ai�>�7;CaA�> å : è+R cM7;CJA�>�: R c@ì
systematicerror d � å <?b¢cPëU> L AD7;C©A_> å :;: è+R I 7;CJA]>M: R I ì

Imperfectmodel/ensemble(lagged-average forecasts): Practicalforecastsarealmost
alwaysmadein an imperfectmodel/ensembleenvironment. Hereit is simulatedby
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an ensemblemeanof M laggedpersistenceforecastsof the red noiseatmosphere,

Þ «a% �����²ß©* Þ « �;� .K� �²ßw* á � } Qqâ � }%XÔ ± « �;� .K� � , where« ��� .+ �¦* ' ��(^	´��� .K� �E� . The
error andensemblestatisticscanbe deducedanalytically. The predictabilitystatis-
tics includemeanandspread(or distances)of the ensemblemembersandthe con-
ditional (systematic,non-systematic)errorsmadeby ensemblemeanforecasts.The
resultsaresummarised(Fig. 2.3): Theensemblemeanandindividual forecasterrors,¬ â �;�t� andE(r), show that thelagged-averageensembleof persistenceforecastsare,
in general,worsethanthelatestindividual forecast(beforethepredictabilitylimit T is
reached).Theensemblespread

� â is independentof theleadtimer but changeswith
ensemblesizeM. Furthermore,thereis nodirecterror-spreadcorrelationassuggested
by the perfectmodel/ensemblecase.Instead,the following is noted. Dependingon
leadtime r andred noisememory | (or a), thereis an optimal ensemblesize(M =
8), whosemembersprovidethelargesterror-spread� ¬ â � � â � -correlation(0.31)and
whosemeangeneratestheminimumsystematicerror ���¤*  ¢�)| *�í or y_* �[� î � .

a) b)

c) d)

Fig. 2.3 - Lag-averagedpersistenceensemblemeanforecastsin a red noiseatmosphere(a = 0.8 auto-
correlation):(a) Error changingwith leadtime andensemblesize,(b) systematic,non-systematicandtotal
errorfor M = 8 ensemblemembers,(c) scatterdiagramof errorversusensemblespread,(d) systematicerror
changingwith ensemblesizeM (leadtime r = 1).
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C. Lor enzattractor revisited

Benard-Rayleighconvectionis convenientlydescribedby theincompressibleBoussi-
nesqflow whosethermodynamicvariables(pressure,densityand temperature)are
smallfluctuations��� , ï � , ð from areferencestate(subscript’0’) which is hydrostatic,
adiabaticallystratifiedandat rest. The densityactsonly in the buoyancy term and
satisfiesanequationof state,ï �M
 ï ± *ñ	 �að �ºòó����
N� ± � , with thethermalexpansion� *  
 Í ± . A y-independentmotionwith �h�)ô�* � evolvesin the(x,z)-planewith the
horizontalandvertical velocities ��õ �)ö � . Friction ÷Bø v���õ �)ö � and thermaldiffusionù ø v ð arealsoincluded.Otherconstantsaregravity g, kinematicviscosity ÷ conduc-
tivity ù . Tab. 2.7 givesthemomentum,thermalenergy, continuity, andtheequation
of state.

Tab. 2.7- Boussinesqapproximation(2-dim).

x-momentum æ�ú g æ�8 = A¼7 û¢¥ gUü s :;ýÄF�þ�ÿ c ú
z-momentum æ�� g æ�8 = A¼7 û¢¥ gUü s : f A��t7 ü ¥ gUü s :¢F3þ�ÿ c �
thermalenergy æ�� g æP8 = ��ÿ c �
continuity ú ý F�� f = ª
state ü = ü s 7;C©A]§��P:

FromBenard-Rayleighinstability to theLorenz-Saltzmanmodel[69]: Themotioncan
bedescribedby thehorizontalcomponentof thevorticity, ö
	 	,õ � * ø v���*
� 	�	Î.� �N� , usingthestreamfunctionwith ��õ �)ö �¦* �
	
� � � � 	 � andcontinuity õ 	Î. ö � * � .
Combinedwith thethermalenergy oneobtainsa dynamicalsystem,which describes
the convection processby vorticity and thermalenergy changes�h��� and advection� ��� � y^�¦*�� 	 y � 	�� � y 	 ,
streamfunction � ø v��µ��� *�	 � ��� �Nø v��µ� .Ó÷Bø Ø � .��^�að 	
temperature ð � *�	 � ��� �Eð � . � 	 � &]Í 
��2� . ù ø v ð
Linearisation � 1 � is about a state of rest. The Fourier Ansatz, ��� �Eð � 1 *
Ö � Q���� � ��� �Eð � ��� � �M�¢�a� �! �Y�#" � �Ä��$&% $ � , satisfiesthe upperandlower boundarycon-
ditionsat $ * �B� � : the temperatureis constantð¢1 * � andtheverticalvelocity and
tangentialstressvanish,sothat

� ��� 1Û�Nø v�� 1 �Ä* � ��� 1h�)ð�1 �Ä* � . With ö01 *
� 1	 * � one
sets� 1 * � and õ 1� * 	
� 1�N� * � gives ø v�� 1 * � , sothat � 1 *
� 1�U� *'� 1�N�N�U� * � etc.

streamfunction � � *�	
� ÷ ��$¡v .( v�� 	 ð��)�{�� 
^��$¡v .* v��
temperature ð � * . ��� &]Í 
+�2� �� 	 ð ù ��$¡v .* v��
Finally, thecharacteristicequation(dispersion)of theeigenvalueproblemis obtained
introducingtheFourier transformwith theAnsatzexp(St). IntroducingtheRayleigh
number, Ö y]* �,� � Ù &]Í 
 ÷ ù , gives

dispersion � � 
 ÷¤. $?v .* vM�@� � 
 ù . $¡v .* v��P��$?v .* vM�¼	  v Ö y]* �
The critical marginal instability � Ö y�-U� occurs at the smallest possible vertical
wavenumber $ *  . Setting ã � Ö y^�E
 ã  * � for

� * � , introducing the as-
pect ratio y�*  
/. ® or  *�y/$���%a
+�2� , oneobtainsthe critical Rayleighnumber
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Ö y�-µ*�% Ø �  µ. y{vM� Ù 
�yGv�* v1012�3Ø547698 í � í , which is relatedto themostunstablemode��� } �)ð } � :
streamfunction �¶*
� } " � �Ä��%©yG��
+�2�#" � �Ä��% � 
+�2�
temperature ð * ð }�:�; "¢�;�=y9%a
��+�#" � �Ä� $ %a
��2�
Nonlinearity by advection of vorticity and thermal energy excites additional
modes. As thereis no vorticity advection due to the most unstablespatialmode,� ��� �Uø v��µ� * � , it is only the thermalenergy advection, which excites an addi-
tional mode,ð v " � �Ä� ® % $ 
+�2� , because

� ��� �)ð ��* }v ð } � } y���%a
+�2�
v�" � �Ä� ® % $ 
��+� . Thus
the temperatureadvection

� ��� �)ð ��* ��� } ð v �)yY��%a
��2�)v Þ " � �Ä��%©yG��
+�2�#" � �Ä��% $ 
��2� .
:�; "G��%©y¢�w
��<" � �Ä��=>% $ 
+�2�ºß , supportsfurther modesbesidesthe most unstableone,
whichisassociatedwith the ��� } �)ð } � -amplitudes.Thenext smallestverticalwavenum-
ber is $ � * ® , which describeshorizontallyhomogeneousanomaliesof thevertical
temperatureprofileandaddsopposingsignsto theverticaldistributionof temperature
variability. Truncatingthespatialeigenfunctionexpansionat this wavenumber

streamfunction �¶*
� } " � �Ä��%©yG��
+�2�#" � �Ä��% � 
+�2�
temperature ð * ð }�:�; "¢�;�=y9%a
��+�#" � �Ä� $ %a
��2� . ð v " � �Ä� ® % $ 
��+�
andintroducingit into they-independentBoussinesqsystemgivestheLorenzmodel,
oncetheorthogonalityof theeigenfunctionshasbeenutilisedto derive thetime evo-
lution of theamplitudes��� } �)ð } �Eð v � � . Originally, this systemwastakenadhoc from
Saltzman’s (1962)[69] numericalintegrationsof a higherorderspectralmodelof the
symmetricBenard-Rayleighproblem. Dimensionlesstime, wavenumbers,tempera-
ture, and streamfunction,| * ( ù ��%a
��2�)v��  �. y{v�� �1 v . $¡v¶* �  �. y{v��P��%a
+�2�
v ,' *'� } y^
 Þ ù �  ¼. y{vM�1. ® ß , ? * ð } %w��
B� &]Í . ® � , and @ * ð v %w��
 &]Í providethefinal
form of theLorenz-System,with thePrandtlandrelative Rayleighnumber, u+* ÷ 
 ù
and �¤* Ö yB
 Ö y�- andanotherparameterA *
B{
^�  ¦. y{vM� enteringthelastequation.

Tab. 2.8- TheLorenz(1963)[51] system.

fields tendency = damping+ forcing interaction

streamfunction6DC�<2AJb�6ÓF3b/E
temperature E+C,<+A,E¡F�ON6 -XZ

’stratification’ F C <+A,G�F +XY

This Lorenz system(Lorenz 1963 [51], Sparrow 1982 [72]) (Tab. 2.8) is a set of
nonlinearautonomousdifferentialequations,�H�Ä*�Ú �;�Y� , where�¡* � '´�1?¦��@ �JI Ö �
and Ú : Ö � Ð Ö � . Thethreefixedpointsare(0,0,0)and �LK_� A ����	  �E� }EÜ v � K_� A ����	 �)� }EÜ v � ��	  � . Thecommonparameterconstellation�;u�*  M� , �3* ®�î and A * î 
+=¢�
provides chaoticflow whosepredictability is analysedin the following. Fig. 2.4
shows thetemperatureandstreamlinefieldslinkedto thelocationof thetrajectoryin
the(X,Y,Z) statespace.

Predictabilityexperiments(attractortopology, uncertaintygrowth,andensemblefore-
casts):Givenf andaninitial condition �[± , thetrajectoryx(t) is uniquelydetermined.
Supposethat thereis anuncertaintyM ± in the initial condition,it is its growth which
needsto bequantified.Thedynamicsof an infinitesimally small uncertaintyis gov-
ernedby thelinearisationof theflow, M � * � �;�Y� M , where

� �;�Y� is theJacobianof f at
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a) b) c)

Fig. 2.4 - TheLorenzsystemtrajectoryin the(Y,Z)-plane:Thethreepositions(full circlesin top panela
to c) areassociatedwith streamfunctionfieldswith scaledvelocity-vectors(middlepanel)andtemperature
anomalies(bottompanel).

x. In this perfectmodelscenario,uncertaintyis definedby thedistancebetweenthe
(inexact)forecastandthetruestateasafunctionof time. Thatis, themagnitudeof un-
certaintyat time t is simply M ��()�¦*�Õ M ��()�@Õ . Two growth ratescanbedefinedassociated
with the uncertaintydynamics(for applicationsandadditionaldetailsseeZiehmann
et al. 1995[92], Smithet al. 1999[73]).

Instantaneousuncertainty growth: Instantaneousgrowth is � * M � }HN�ON � *
M � } � M ��()� Ý M ��()�E� }EÜ v0* }v M �Yv�� M Ý� M .PM Ý M �
� . WhetherM is increasingor decreasing(r less
or greaterthanzero)dependson (i) theeigenvaluesof J, (ii) on theprojectionof the
uncertaintyontotheeigenvectors,M Ý � , and(iii) its decompositioninto theeigenvec-
tors

� � } M . Theeigenvaluesof Jalonedonotsupplysufficientconditionsto determine
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the sign of g sincethe eigen-basisis, in general,not orthogonal.Combinationwith
thelinearuncertaintydynamics,M � * � �;�Y� M , gives � * M Ý Þ }v � � Ý . � �ºß M 
 M Ý M , where}v � � Ý . � � is thesymmetric(or deformation)partof theJacobianwith realeigenval-
uesandorthogonaleigenvectors(Tab. 2.9). Theinterpretationof thegrowth rateg is
givenby theRayleighquotientof M � . That is, the largest(smallest)eigenvalueof the
deformationprovidesanupper(lower)boundong for any M atx. If all eigenvaluesare
positive (negative),g will bepositive (negative) independentof theuncertaintyorien-
tation. Thus,if definite,thesign(g)is determinedandonly its magnitudedependson
theorientation.For isotropicallydistributeduncertaintiestheensembleaverageof in-
stantaneousgrowth ratesis givenby thearithmaticmean, �Q��- * Q ��R % , wherethe
R % aretheeigenvaluesof thesymmetric(deformation)partof theJacobian.

Tab. 2.9- Lorenzsystemlinearisedabout �TS s , U s , V s � .
matrix JacobianJ

streamfunction6DC�<2AJb�6 F b>E 0

temperature E C <´79O AWF s :�6 A,E A©6 s F
stratification FHC�<&E s 6 F�6 s E A,G�F
matrix Symmetric Ic 7�X9Y5FZX{:
streamfuncion 6DC�<2AJb�6 F Ic 7ÁbµF�O A[F s :�E�F Ic E s F
temperature E C < Ic 79b�F�O A[F s :�6 A,E s ª
stratification FHC�< Ic E s 6 s ª A,G�F

The exact boundson uncertaintygrowth are obtainedplacing restrictionson every
trajectorywithin regionsof statespace:(i) In regions \ } , whereall eigenvaluesof
the JacobianJ have negative real parts, Ö �{� R % � � � , it is not sufficient to rule out
positive growth ratesfor non-normalJ. Yet theseregionsareobserved(numerically)
to be dominatedby decreasinguncertainties.The eigenvaluesof J are the rootsof
the characteristicpolynomial ] � R ��*ñyG± R Ù . y } R v . y v R . y Ù * � with yG±¡*  ,y } * �  ©. u .^A � � y v *�u¼�  w._A 	D� ._@ � .^A=.¡' v � y Ù *�u¼� AY.¡' va	D� A=.^A�@�.¡'<? � .
TheRouth-Hurwitzcriterion,which providesthesubspace

\ } * Þ ��Õ Í ± �@�9�9�X� Í � -�� ß �
statesthatall Ö �{� R � � ��� , if Í ±D* yG± - � , Í } -�� , Í v * y } y v 	Óy Ù -�� , and Í Ù
or y Ù - � . (ii) In regions \ v , whereeacheigenvalueof the symmetricdeformation
map }v � � Ý . � � is negative, R %��4� , no instantaneousgrowth rateis positive andall
infinitesimaluncertaintieswill decreasewith time for at leastaslongasthetrajectory
remainsin thatregion. In general\ v I \ } I Ö � . Thatis, all R % arenegativedefinite
only if all principalsub-matricesof 	¤� � Ý . � � have positive determinants̀[% . This
providesthesubspace

\ v * Þ ��Õ ` } �M�X�9�9� ` � -x� ß
with ` } * ® � } � } * ® u -x�B�a` v *'B � } � } � v � v 	2� � } � v . � v � } �
v0*
B¢u¤	2�;u . �¼	 $ �)v -��
and ` Ù * ã ��(�	¤� � . � Ý ��* ®/A Þ BGu¡	x�hu . ��	 $ �)vNßY	 ®+b v -�� . Thefractionof time
thesystemspendsin \ } or \ v is relatedto thefractionof theattractorin this region.
This reflectspredictability(Fig. 2.5).

Effectivegrowth: The linear resolvent operator(tangentpropagator)of Ú : á *
á �;�[± �U& ()� , maps M ± and �[± to M �h��()� and ��� & ()� after & ( . Thus, the magnitudeof
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Fig. 2.5 - The Lorenzsystemwith regionsof uncertaintygrowth: (a) Surfacesof cWI with blue andred
sidefacingthestableundunstableregion, and c c green.(b) Locationof theattractorwith blue, redand
greendotslying within cWI and c c , outsidecWI andwithin c c (afterZiehmannetal. 1995[92]).

uncertaintyis M � & ()��* Õ M � & ()�@Õ©* Þ M � & ()� Ý M � & ()�ºß }EÜ vD* Þ M ± á Ý± á ± M ±Pß })Ü v ; its growth
rateyields ��d � * & ( � } � ; � Þ � M ± á Ý± á ± M ±��U
 M Ý± M ±Pß })Ü v (Tab. 2.10). Thequadraticform
associatedwith theuncertaintyboundstheeigenvaluesuwv% of á Ý á : Singularvalue
decomposition(SVD) of M is á *fe�g ` Ý with orthogonalmatricesV(U) con-
taining the right (left) eigenvectorsascolumnsand g is the diagonalmatrix of the
singularvalues u % - u � for �K� � . UnderM eachright singularvector is rotated
into theleft singularvectorandstretched(shrunk)by thefactor u % greater(less)than
one: áih % *qu % õ % . Theeigenvaluesu % canbeinterpretedasfinite-timeLyapunov ex-
ponentsandthemaximumgrowth rate � d � is associatedwith theuncertaintyaligned
alongthefirst right singularvector h } . For & (¼Ð Ñ , thegrowth rate � d � approaches
the largestLyapunov exponentand the Lyapunov spectrumcorrespondsto the log-
arithmsof the singularvaluesof M. Accordingly, the first Lyapunov vectorat each
point on theattractoris õ } � & ()� . At a fixed location �=± the singularvaluedecompo-
sition of � � $&d ��j�k á is evaluatedover a boundedtrajectoryandthusthis direction
cannotbedefinedfor (almostall) � ± . That is, thesingularvectorscanbedetermined
from finite time local dynamicsbut the Lyapunov vectororientationcannotas they
dependonanintegral over theinfinite past.

Tab. 2.10- Uncertaintydynamics.

instantaneousgrowth �µ<ml R I æ�l g æ�8=<&l R I 7nlE798;: Y lE7X8;:h: Ipo c¦< Ic l R c@7nl YT l^F�l Y l T :l T <_X[7nq�:�l <&l Y Â Ic 7�X Y FZX{:ÁÃrl g l Y l
effective growth ��s T <mtµ8 R I Æmk1��l
lE7X8 s FutW8;:=< è s 7nq s ¹ptµ8;:�l s <vtµ8ºR I Æmk1��Â 7nl s è Ys è s l s : g lwYs l s Ã Ipo c

Ensembleforecasts: A perfectensemblehasmembers,which areanalogscollected
from a long time integration.They arenearestneighborson theattractorwith smaller
dimensionthanthestatespace,where’near’ is definedby the statisticalform of the
observationaluncertainty. Eachmemberhasequalweight(quantizationnoise).Thus
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formingx perfectensemblesrequiresmoreknowledgethanspecifyingmeasurementun-
certainties.Perfectensembleandperfectmodelforecasts(with 512membersin a6-bit
box) evolving in time show the following (Fig. 2.6): (i) Early stagesof predictabil-
ity lossrealisetheensemblespreadingout. Thespreaddevelopsquickly andbecomes
comparablewith thediameterof theattractor. Theinformationcontentof this distri-
bution decaysat a muchslower ratethansuggestedby the standarddeviation: Near
t = 3.5 the root-mean-squareerror is nearzero,althoughthe systemwill have either
largepositive or largenegative values.That is, this errormeasurehasa fundamental
shortcomingfor non-linearsystems.(ii) A returnof skill is foundfor both largepos-
itive andnegative X-values,which is dueto the ensemble’s residencein \ } or \ v .
This structureappearsto occurin many low-ordermodels.(iii) Saturationor theulti-
matelimit of predictabilityis reachedat thetimerequiredfor theensembleto become
statisticallyindistinguishablefrom climatology, which is theprojectionof thenatural
measureontothevariableof interest.

Fig. 2.6- TheLorenzsystemwith theevolutionof variabley in aperfectensemble:Probabilitydensityfor
theX-variablechangingwith time(plottedin thevertical,afterSmithetal. 1999[73]). Theinitially ( zH{&| )
sharpdistribution decays,but thenshows a true returnof skill (near zD}�|�~ � ) at the time the ensemble
crossesthe �J� surface.Theensemblehasmembersat eachextremeof theattractor( z�}^��~ �a���)��~ � etc.).
Theasymptoticdistribution is not reachedat thetop of thepanel( zH{v��~ | ).
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D. Analog forecasting:Local dimensionand entropy

Fromthepredictabilityof surrogateatmospheresin animperfectanda perfectmodel
environmentwe turn to the forecastingof the real weather. Two approachesaredis-
cussed:Forecastingof the futureweatherby pastweatheranalogsis an internalpre-
diction experiment. ’Atmosphericpredictability as revealedby naturally occurring
analogues’datesback to Lorenz (1969) [52]. Although analogforecastingsuffers
from datascarcity, becausethe atmosphere’s recurrencetime is vastcomparedwith
its life time (vandenDool 1994[83]), it hasbeenfrequentlyrevisited, for example,
by adaptinga forecasterror minimising metric for the analogsearch(Fraedrichand
Rückert 1998[27]) to improve individual andensemblemeanforecastsof dynamical
systemsandof Hurricanetracks(Sieverset al. 2000[71], Fraedrichet al. 2003[32]).

Considera timeseriesdisplayedin atime-delaycoordinatephasespaceof sufficiently
large embeddingdimension$ . The spreadof initial ensemblemembers(they sat-
isfy theperfectensemblehypothesis)is measuredby theirmeanmutualdistance,and
its scalingwith thenumberof membersleadsto the � v -dimension.The � v -entropy
is thechangeof ensemblespread(perfectmodelhypothesis)with increasingembed-
ding dimensionby addingfuture time-delaysto the phasespace.This describesthe
mainaxesof an initially small sphereexpandinginto anellipsoid. This expansionis
formedby diverging trajectoriesin thetime-delaycoordinatephasespaceand,there-
fore,characterisespredictability. A reliability testwith surrogatedatamayalsobeap-
plied (Fraedrich1988[15]). That is, scalingandtime changeof theanalogensemble
spread(nearestneighboursin phasespace)correspondto the correlationdimension
� v andentropy � v , estimatedby the Grassberger-Procaccia(1984)algorithm[39]
(Fig. 2.7,Fraedrich1987[14]).

Comparedwith internal analogforecasting,numericalweatherprediction (NWP)
models,which play aneminentrole in practicalweatherforecasting,provideexternal
forecast.Theiradvancementhasbeenremarkablesincethefirst concepts(Richardson
1922[67]) emergedandfirst applications(Charney, Fjortoft, andvon Neumann1950
[9]) weremade. Here,a recentestimateof local degreesof freedomof NWP bred
ensembleforecasts(Patil etal. 2001)is critically appraised.

Analog ensembleforecasts(local dimensionandpredictability): Givena time series
x(t) of observedlocal weathervariablesmeasuredat time steps| . Piecesof this time
series,whichcommenceat ( % andlastfor ��$4	  � | timesteps,areusedto definelocal
weatherstates(or points)embeddedin am-dimensionalphase-spacespannedby time-
delaycoordinates,� � ��( % � . Otherweatherstates� � �;( � � in thesamephasespaceare
calledweather’analogs’or nearestneighborsto � � �;( % � , if bothareindependentpairs
of points, Õ ( % 	�( � Õ -4| , in this spaceandtheir Euclideandistance,ã %È� *!Õ � � �;( % �¦	� � �;( � �@Õ , is small (Tab. 2.11). Note thata delayor samplingtime-lag,corresponding
to thedecorrelationtime-scale,mayguaranteelinearindependenceof thephase-space
coordinates.

Scalinganalysisof the statisticson the numbersof analog-pairs(which dependon
their distancephasespaceand its embeddingdimension)leadsto estimatesof the
dimensionof localweatherdynamicsandits entropy (asa measureof predictability).
First thecumulativenumberdistribution(or correlationintegral) � � �h�h� of all N points
in phasespaceis obtainedandthentheir scalingbehaviour is analysed:

(i) Analog ensembles:Countingthe relative numberof �,*  ¢�@�9�X�9��� 	  analogs
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Tab. 2.11- Analogpairsin thedelay-coordinatephasespace.

analogs delaycoordinatephasespace

analogpair q+�Î798 S :=<,Â q{7X8 S :²¹pq{7X8 S A¤n�:º¹������ ¹�q{7X8 S A37���ADCE:\n�:\Ã
q+�Î798 ç :=<,Â q{7X8 ç :º¹�q{798 ç A�n�:º¹#����� ¹�q{798 ç A37���A3CE:\n�:ÁÃ

pairwiseEuclideandistance æ S ç <�» q+��798 S :BA�q+�07X8 ç :
» ¹U» 8 S A¤8 ç »��×n
� � �;( � � , whosedistanceis smallerthanaprescribedthreshold� ã %È� � �Û� from thelocal
basepoint � � ��( % � , providesacumulativenumberdistribution, Q�� � }�EÔ } ð �h�@	 ã %È� �E
^� � 	 � , which increasesto onewith increasingthresholdl. Herethe Heaviside function
is usedwith ð �hy{��* � or 1, if y -�� or y ��� . Repeatingthis procedurefor all � * ¢�@�9�X�9��� basepoints, � � ��( % � , andsubsequentaveraginggivesthe correlationintegral
(GrassbergerandProcaccia1983,1984[38][39], for anextensionto smallandnoisy
datasee[18], and[4]).

� � �h�h�Ä* � � } �� %XÔ }
� � }�
�EÔ } ð

�;��	 ã % � �U
^� � 	  � �
That is, averagingover all analog-pairsin all possiblem-dimensionalspheresof size� providesananalogensembleclimatology.

(ii) Perfectensemblehypothesisanddistancescalingof thecorrelationintegral (at
fixed embedding)leadsto the meancorrelationdimensionD: Considerthe number
of pairs of points, which are homogeneouslydistributed on a line (surfaceor vol-
ume)embeddedin anm-dimensionalspace.This numbergrowsaccordingto a linear
(quadraticor cubic)power-law:

� � �;�Û�Ä���p�
with D = 1, 2, or 3 atfixedm = 1, 2, or 3. Analoguously, localweatherstatesevolving
in a delay-coordinatephasespacearecharacterisedby the dimensionof that object
which is coveredby its dynamics. Scalingwith �DÐ � and sufficiently high (and
fixed)embeddingm occursonly, if perfectensemblemembersarecountedin them-
dimensionalsphereof radius � .

(iii) Perfectmodelhypothesisandtime scalingof the correlationintegral leadsto
the estimatesof the local meanpredictability(entropy or informationloss): Extend-
ing thepiecesof weathertrajectoriesfrom (m-1) to m , or increasingtheembedding
dimensionby one,reducesthenumberof analogpairstrappedin asphereconfinedby
the � -threshold.Their chancebeingtrappedin them-dimensional� -spheredecreases
proportionalto

� � �h�h�Ä�����¢�a�
	
$ |�� � � �
Thuspredictabilityrepresentsthesystem’sdynamicsin delaycoordinatephasespace.
It canbeestimatedby thesumof thepositiveLyapunov (or characteristic)exponents
� � , which contribute to the expansionof an infinitesimally small sphereof initially
closetrajectoriesinto an ellipsewith K expandingmain axes: �ä* Q'�� Ô } � � with
� � -x� .

(iv) Interpretation:Theresultsobtainedfrom theanalysisof local variablesshould
not suggestthat the weather(saywithin a Rossbyradiusaboutthe station)may be
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a) b)

Fig. 2.7- Correlationintegrals(cumulative l-distancedistribution), V � 7ÁÆX: , changingwith increasingem-
beddingdimensionsC�¹#����� 7n� ADCE: : (a) Local surfacepressureand(b) surrogateAR(1) determinedanalyti-
cally.

modelledon single stationreadingbut that one projectionof the weatherattractor
happensto reveala relatively smalldimensionassociatedwith a (climate)meanlocal
predictability. Furtherdistantstationsareexpectedto characterisedifferentregions
andmay leadto differentestimatesof local meanpredictabilityanddimensionality
(Fraedrich1986[13]).

E. Numerical prediction: Local degreesof fr eedomand forecastspread

ConsiderindependentGaussianrandomvariables,y, with zeromean� * � andvari-
anceuwv . Degreesof freedom,dof, characterisethe linear independenceof themem-
bersi = 1, ..., M of anensembleb¢% of theserandomvariables.Theensemblestatistic
is convenientlydescribedby thefirst andsecondmoments:theensemble’smean,Þ b¢% ß ,
andtheensemble’svariance,h yG� â .

Þ b % ß�* }â Qqâ%XÔ } b % and h y¢� â *��+�â * }â Qqâ%XÔ } � b % 	 Þ b % ß\�)v
Degreesof freedom: Samplingdifferentrealisationsof ensemblesshows that,dueto
the inherentdegreesof freedom,their meansandvariances,Þ b % ß and h y¢� â , fluctuate
andleadto distributions,which canbedescribedtheoretically:Theensemblemeans
areGaussiandistributedand the variancesarestandardisedchi-squareddistributed,� v�
 á . DenotingEx andVar as the first and secondmomentsof sampledensem-
ble statistics(ensemblemeansandvariances),oneobtainsthe ensembledegreesof
freedom,dof = M, by momentfitting. That is, realisingthat a chi-squaredvariable
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(unweighted� sumof normalisedGaussianvariables)hasthe samplemeanandvari-
ance,¬ �a� � v��Ä*�uwv á and ` yG�^� � v��¦* ® u Ø á , oneobtainsthefollowing (Tab. 2.12):

(i) Thecombinationof thesampleaveragedensemblevariances,¬ ��� h y¢� â �¦*�uwv ,which is relatedto thechi-squareddistribution,andthesamplevarianceof theensem-
ble means,̀ y¢�^� Þ b�% ß��]*Ëu v 
 á , which is relatedto the Gaussiandistribution, gives

ã ; Ú¡* á * ¬ ��� h y¢� â �E
 ` yG�^� Þ b�% ß�� .
(ii) Thesecondmomentfit combinesthe(squared)meanandvarianceof thesam-

ple variancesusing the chi-squareddistribution, á * ®�¬ �=v�� h yG� â �E
 ` y¢�^� h yG� â � ,which, for u -normalisedvariables,reducesto ã ; Ú¡* ® 
 ` y¢�^� h yG� â � .
Tab. 2.12 - First andsecondmomentsof samplesof ensemblemeanandvariancesandtheir
relationto theensembledegreesof freedomM.

ensemble first moments secondmoments

means � q{7ÛÂ � S ÃX:[<¡ª  ¦>PO�7hÂ � S ÃX:=<¡b¢c g è
variances � q{7n¡@>PO å :=<Kb c  ¦>PO�7�¡@>@O å :[<¡i�b/¢ g è
degreesof freedom æPk�¿o< � q{7n¡@>PO å : g  Ä>@OM7ÛÂ � S ÃX: æPk�¿o<?i � q c 7n¡@>PO å : g  Ä>@O�7�¡@>@O å :

Interpretation: Someof thestatisticalmeasuresassociatedwith thedof-estimateallow
a directgeometricalor meteorologicalinterpretation.(i) Thesamplemeanof theen-
semblevariancescharacterisestheensemblespread¬ �a� h yG� â � describingtheaverage
Euclideandistanceof all ensemblemembersfrom their respective meansÞ b % ß . In the
perfectmodel/ensembleenvironment(seeabove sections),this providesa predicted
forecasterror. (ii) Thesamplevarianceof ensemblemeans,̀ yG�{� Þ b % ß�� , measuresthe
fluctuationof the ensemblemeansdue to the inherentdegreesof freedomof its M
members;likewisedoesthesample-varianceof theensemble-variances.(iii) Theen-
sembledegreesof freedom,dof, increasewith increasingensemblespread¬ �a� h yG� â �anddecreasingsamplevariability of the ensemblemeansor variances,̀ y¢�^� Þ b�% ß�� or
` y¢�^� h yG� â � . (iv) The ensemblecovarianceor correlationmatrix describesthesam-
ple averagedlinearrelationbetweenall ensemblemembers.Theeigenvectordecom-
position turns the secondmomentfitting from a dof-varianceinto a dof-eigenvalue
notion, realising, ¬ ��� h y¢� â �5* Qqâ%XÔ } R % and ` y¢�^� h yG� â �5* ` yG�^� Q×â%XÔ } b v% 
 á �5*®¢á �Yv Q â%XÔ } R v% * ® 
 ã ; Ú (Fraedrichet al. 1995 [23], seealso Wang and Sheng
1999[89]). In thissense,dof-estimatesprovidea limit for thenumberof independent
ensembleeigenvectorsrequiredto representthe ensemble’s variability. (v) Thusan
estimateof theconfidencelimits canbederived:

ã ; Ú?* ®�¬ � v � h yG� â �E
 ` yG�^� h y¢� â �¦* �
â�
%9Ô } R %

� v 
 â�
%9Ô } R

v%
K & ã ; Ú?*7K ø � ã ; Úw�¤£¢� R % �¦*7¥¦B ã ; Ú � ® 
 � � � })Ü v

The error-propagationleadsto the error of the dof-estimate,where ø is the gradi-
ent with respectto the R % . And the North et al. (1982) [60] rule of thumb gives
the confidencelimit placedon the estimatedspectrumof the eigenvalues, & R % *K ® R % � ® 
 � �M� }EÜ v , whichdependson thenumber� � of independentrealisationsin the
sampling.For example,� �o*  M�¢��� independentrealizationsleadto lowerandupper
confidencelimits, ã ; Ú§K & ã ; Ú¡*��  ¥[B=� ® 
 � ��� }EÜ v�� ã ; Ú , of about18%.If all variables
aremutuallyuncorrelateddof=M; if they areperfectlycorrelated(or anti- correlated),
the lower boundof dof = 1. (vi) Note that normalisationmattersfor non-Gaussian
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distributeddata.For example,ellipsesin thex, y-planearesubjectedto dof-analysis
afterbeingmodifiedby affine transformations:Rotationaboutthez-axisandstretch-
ing themajor versusminor axesby thestretchingfactora/b. Thenon-normalisedor
covariancedofsareindependentof theorientationbut decreasefrom dof = 2 to 1 with
increasingstretchingfactora/b,becausetheellipsechangesin shapefrom acircle,a/b
= 1, to a line. Thenormalisedor correlationdofs,  3� ã ; Ú �4® , dependbothon the
rotationangleor orientationof themajor (or minor) axis,andtheir ratio a/b. This is
plausibleconsideringthe effect which normalisation(by the standarddeviation) has
on the embeddingcoordinates.That is, dof-fractality providesan indicatorof shape
andorientationof theobjectin theembeddingspacecharacterisingits deviation from
isotropy (Fraedrich1997[26]). (vii) Applications: In meteorologyandclimate re-
search,time-spacedatasetsaredisplayedin the(T,S)-datamatrix, � %È� . Spaceor time
samplingyield thefollowing estimatesfor thedegreesof freedom:Spatialensemble
statistics(spatialmeans[], andspatialvariances,̀ yG��¨ ) fluctuatingwith time sam-
pling is due to spatialdegreesof freedom. Likewise in time: The time degreesof
freedomcharacterisethetime statistics(time means�5- , andtime variances,̀ y¢� Ý ),
which vary with spatialsampling.Thedegreesof freedomareestimatedby first and
secondmomentfitting; notethat � ã ; Ú Ý � ã ; Ú ¨ �ª©q� Ío� � � :

ã ; Ú Ý * Þ h y¢� Ý ß;
 ` yG��¨a� � � %È�¢- � ã ; Ú+¨K* �Dh yG��¨ - 
 ` yG� Ý � Þ � %È� ß\�ã ; Ú Ý * ® Þ h yG� Ý ßÁv�
 ` y¢��¨J� h yG� Ý � ã ; Ú+¨�* ®_�Dh yG��¨ - vÎ
 ` yG� Ý � h yG��¨��
Spatialdegreesof freedom(Lorenzattractor): Applied to the Lorenzattractor, dof-
estimatesgives the following results: (i) The global dof-estimate,dof = 2, charac-
terisesthe chi-squareddistribution of the Euclideandistancesbetweenall stateson
theattractorfrom theirarithmeticmean.RotationabouttheZ-axischangesthevalues,®¡� ã ; Ú � = , becausethey arenot invariantunderaffine transformations.(ii) Local
dof-estimatesdescribethe distancedistribution betweena basepoint andits nearest
neighbors(seeFig. 2.8a). The influenceof samplesize and the effect of varying
noise-level canalsobe illustrated. (iii) Thedof-estimatesof higherdimensionalsys-
temstendto exceedtheLyapunov- or thecorrelation-dimension,D � ã ; Ú+« �xá . (iv)
Global dof-estimatesprovide a minimum embeddingdimensionfor measuredvari-
ables,becausethey definethenumberof independenteigenvectorsof thestatespace
correlationmatrix,ontowhich thetimeseriesneedsto beprojected.

Forecastensembledegreesof freedom(NWPforecasts): A recentanalysis(Patil et
al. 2001 [61]) suggestslocal weatherdimensionalitylimited by ã ; Ú Ý �zí . This
conclusioncanbereachedwhenprocedingasfollows: (i) Pickanensembleof 5 local
wind-weatherforecasts(12-hourly, 500mbarzonalandmeridionalwind components)
andsampletheensemblestatisticsover50 realisations(or 25 gridpointsfor thezonal
andmeridionalwind) within a  � �����¬+ � ����/ $ region. TheNWPensembleforecasts
are obtainedby a breedingprocedure(Tab. 2.13) originally developedto estimate
maximumLyapunov exponents(following Wolf et al. 1985[91]). (ii) Estimatethe
ensembledegreesof freedom(dof) by fitting thesecondmomentof thesampleto the
theoreticalchi-squareddistribution utilising the eigenvalueformulation(Fig. 2.8b).
A global climatologymay be composedrepeatingthis procedurefor all regionsand
averageover150days.(iii) Interpretethesedofs,which give thenumberof ensemble
(breedingor Lyapunov) eigenvectorsrequiredto describethe ensemble’s variability,
asa ’ local low dimensionalityof atmosphericdynamics’andconcludethat this may
providehintsof whereto improvedataassimilation.
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Fig. 2.8 - Degreesof freedom:(a) Spatialdegreesof freedom( æPk�¿a· ) at locationson theLorenz(1963)
[51] attractor;(b) local ensembledegreesof freedomestimatedfrom ensembleforecaststatistics(sampled
over25grid points)for a36hourNWPforecastin theAustral-Asianregion (from Patil etal. 2001,shading
from light to dark: C¹¸�æPk�¿ Y ¸Zº ).
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Tab. 2.13- Ensemblebreedingmethod:A practicalapproachto generateensemblemembers.

Breeding(in tµ8 -steps) Control Member ErrorandPerturbation

(1a)AnalysisA, perturbationP A(0) A(0)+P(0) � 79ªP:[<WZ¼»µ79ªP:�`
(1b)1stforecasts�µ7hCE:º¹Û�YIN7hCE: �µ7;CE: �YIN7;CE: � 7;CE:[<WZY�YIU7hCE:[A��µ7;CE:�`
(2a)AnalysisA(1), rescaledP(1) A(1) A(1)+P(1) »µ7hCE:[<279�YIJA��Ä:�½ � 7ÁªP: g � 7hCE:
(2b)2ndforecasts�µ79iP:º¹N�YIN79iP: �µ79iP: �YIN79i ) � 79iP:[<WZY�YIU7ÁiP:[A��µ79iP:�`

: Generatenew members

(n) Saturation(afterdays) �µ7XÇ ) �YIN7XÇ^: � 7XÇ^:B<WZ=�YIN7XÇ^:[A��µ7XÇ^:\`
short-termerrorgrowth æ@ÆÈÇ � g æ�8H¾2C�� º�æ

Somecommentsarein order: (i) Initially (t = 0) the numericallygeneratedforecast
ensemblescanhardlybedistinguished,becausethey startfrom very closeinitial con-
ditions; that is, ã ; Ú ��(�* � ���  . With increasingforecastleadtime �;(_* & ()� the
spreadand,therefore,thedegreesof freedomgrow,  © ã ; Ú �;(¦* & ()�ª©�í . (ii) Local
predictabilitycanbe estimatedby the ensemblespread,¬ �a� h yG� â � , andby the de-
greesof freedom,ã ; Ú´* ®�¬ �Yv¢� h yG� â �U
 ` y¢�^� h yG� â �µ*�� Q â%XÔ } R % �
vt
 Q â%XÔ } R v% . Both
measuresaresimilar: ThespreaddescribesthemeanEuclideandistancebetweenen-
semblemembersandtheir mean.It is a measureof thedivergencein termsof spread
per forecastleadtime. The dof-estimatecharacterisesthe representative numberof
ensemble(Lyapunov) eigenvectors,which participatein the dispersionof the model
forecast.(iii) Notethatthesamplingof 25 closegrid pointsof a localwind-field map
resultsin only � �o� ® to 4 independentrealisationswhenassuminga500kmRossby
radius.That is, theconfidenceinterval is almostaslargeasthedof-estimate,andthis
requiresimprovements.

III. LONG TERM MEMOR Y - LOW FREQUENCY VARIABILITY

In the mid-70sthe Brownian motion enteredclimateresearchasa paradigmfor the
Earth’s climate fluctuations(Hasselmann1976 [42]). Employing the Langevin ap-
proachto a greenhouseclimate relaxing towardsits equilibrium, for example,one
obtainsits high frequency redanda low frequency white noisetemperatureresponse
on white noisestochasticforcing. As theautocorrelationof this systemdecreasesex-
ponentiallywith finite integral timescale,thereis no indicationof long-termmemory.
Still, suchconceptshave stimulatedan intensive red noisesearchin observed data
andsimulationsof comprehensive generalcirculationmodels(GCM). At the same
time, observationsandmodelingof flicker noiseor otherpower-law scalingregimes
emerged(VossandClark 1976[84], van Vliet et al. 1980[85]) with new concepts,
whicharealsocloseto theclimatesystem’senergybalance;thatis, replacingtheNew-
tonianor radiative-convectiverelaxationby thediffusiveheatflux divergenceandthe
forcingby additivenoisyfluxes(andnotby flux divergences).Thissystemdevelopsa
power-law decorrelation(or powerspectrum)leadingto aninfinite integral timescale,
which indicateslong-termmemory. Sincethen power-law power spectradifferent
from Brownian motion have beenidentifiedin observed recordsandmodelsimula-
tionsof theclimatesystem.For example,thenearsurfacetemperature(Manabeand
Stouffer 1996[56], Pelletier1999[62]) shows low-frequency behaviour which does
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not,# up to very long periods,asymptotetowardsa white plateau.While mostof these
studies(for a review seePelletierandTurcotte1999[63]) areguidedby self-affine
scalinglawsgoverningthenon-lineardynamics,theassociatedlong-termmemoryor
correlationaspecthasbeenemphasisedonly recently(Koscielny-Bundeet al. 1998
[50], TalknerandWeber2000[78]) analysingobservedtemperaturesandGCM sim-
ulations(Müller et al. 2002[59], FraedrichandBlender2003[34]). In mostof these
studies,the variancespectrumanalysishasbeenreplacedby methodsbasedon the
analysisof a randomwalk (time seriesof accumulatedanomalies)to determinethe
scaling laws and long-termmemory: Fluctuationand detrendedfluctuationanaly-
sis (FA andDFA, seee.g. Penget al. 1994[64]). Theseanalysessuggestthat the
nearsurfacetemperaturefluctuationsaregovernedby a universalscalingbehaviour
showing long-termmemorycorrelationsup to twentyyears.This featurehasbeenat-
tributedto theslow oceanandcryospheredynamicsalsoaffectingtheatmosphereas
thefastestof theclimatecomponents.But, aquantitatively similar long-termmemory
hasbeenidentifiedin thedynamicalproperties(globalangularmomentum)of aGCM
(PUMA) (Fraedrichet al. 1998[28]) driven by Newtoniancooling anddampedby
Rayleighfriction. Both theobservationalsupportandtheunderstandingof stationary
climateprocesseswith long-termmemoryis far from beingcomplete,not to mention
theexistenceof generallyacceptedconceptualmodels.Herewe presentinformation
on the low-frequency behaviour of thetemperatureasthemostimportantvariableof
thesurfaceheatbalance,which is analysedusingobservationsandsimulations.First,
themethodis briefly describedandthenappliedto longtimeseriesof thenearsurface
air andsoil temperatureobservedandsimulated.Finally, a simpleconceptualmodel
comprisingFickian diffusion andNewtoniancooling is introducedasa suitablecli-
mateconceptwhich, in contrastto the conventionalBrownianmotion analogor red
noise,revealsa long-termmemoryregime. The subsequentsectionsintroducedy-
namicalmechanismsof low-frequency atmosphericvariability generatedby theNorth
Atlantic Oscillation life-cycles initiated by spatialresonance.Finally, decadalvari-
ability is describedby a coupledocean-atmospheremode,which establishesitself by
a positive feedbackloop modulatedby theannualcycle.

A. Long-term memory everywhere?

Long-termmemoryandscalingregimes(correlation,fluctuationandpowerspectrum)
arededucedfrom time series� � , which areinterpretedby randomwalk positionsor
theY(j)-profile runningthroughtime j, where? �X�{�Ä* b } .^b v .��9�X�N.^b�� . Therandom
step(or anomaly),b�� *q� � 	 � � �G- , is obtainedaftersubtractingtheensemblemean
annualcycle � � �=- . Thusthe randomwalk profile startsfrom thezeropositionand
endsthere. The fluctuationanalysisappliedto the profile is basedon the structure
functionapproach(Monin andYaglom1975[58]) to obtainscalingproperties:

« �;�t�W* Þ � « v} .Ó« vv .��X�9�X�t. « v� �E
 � ß }EÜ v
Thestepsor squareddistances,« v� �����W* � ?,¿ �ªÀ É1Á } 	 ?)¿ � � } À É1Á } �
v , changewith seg-
mentlengthr andareaveragedover all segmentsof theprofile, that is from m = 1 to
N. Stationarityandnormalisationby the total varianceuwv yields the following rela-
tion betweenauto-correlationandstructurefunction, � �����5*  	�}v « �;��� . That is, a
power-law scalingof the auto-correlationcorrespondsto a power-law scalingof the
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Fig. 3.1 - Power law scalingof simplesystems:(a) Fluctuation(FA) anddetrendedfluctuationanalysis
(DFA1 to 3) of theartificial time seriesgivenby a 50 daywave superimposedby a linear trendandwhite
noise. (b) Normalizedvariancespectraof mixing-lengthaveragedtemperatureanomalyfluctuationsin a
simpleenergy balanceclimatemodel,which is characterizedby one-dimensionalFickiandiffusionexcited
bywhitenoisefluxesanddampedbyNewtoniancooling:Thediffusivity andmixing lengtharefixedat ñóòô#õ�öa÷ùø�ú�û¼ü

and ýZò ô#õ�õ�õ�þ�÷ , theNewtonianrelaxationtime (in days)varieswith ÿùò ô#õ�ø��¹ô#õ���� ô#õ��
and � .

structurefunction,
���
	���
�	����

and � ��	���
�	��
, with ����� �"!#%$ . Fouriertransforma-

tion of thecorrelationfunctionleadsto thevariancespectrum,which is alsogoverned
by apower-law, & �(')�*
�'+�-,

for
'/.10

with 23���+� $ �54%�6��� .
Short-andlong-termmemorycannow be introducedby time seriesanalysis.They
areformally distinguishedby their integral timescale76��8:9; ���
	��=<%	

beingfinite or
infinitely large. Thusstationaryprocesseswith long-termmemoryarelimited in the
rangeof exponentsto excludedivergenceof moments:

correlation
���
	���
�	>� �

for ?�@ $ @A�
fluctuation � �
	���
�	��

for �CBD�EB !#
spectrum & �
')�*
�'+� ,

for �CB/2FBD?
The scalingrangeis limited by white noise

� $ �G�%HI�J�K!# , and 2L�M? � , which is
stationarywithout memory(zeroor finite integral time-scale)andby Flicker- or 1/f-
noise

� $ �N?-HO�P�Q� , and 2P�R� � , which is non-stationarywith long-termmemory
(infinite integral time scale).A purerandomwalk, for example,attains$ �L�C�%HO�E�S# H and 2L�Q4 . Fractionalstochasticprocesses(Tab. 3.1) (Hosking1981[44]), for
example,show long-termmemory. The statisticalpropertiesassociatedwith it are
power-law power spectrain the low frequency range(with 2P�M4 < ), the power-law
decorrelationwith increasingtime-lag,

���
	���
UT #WV � ! � � <>�YX[Z\��< �]� ��X , andaninfinitely
long integral timescale7 , if ?�@ < @ !# . Not unliketheauto-regressiveor AR-models
being fitted to datawith short-termmemory, the fractional AR-modelsare usedto
determinethe scalingbehaviour of time serieswith long-termmemory. Next, the
detrendedfluctuationanalysisis introduced.
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Tab. 3.1- Fractionalauto-regressive process(Hosking1981[44]).

moving average q{7X8;:Y< Q p^ rBs >t7`_t:;H T R ^
weights 79æ�Z Ic : >t7a_�:Y<27`_ÄF3æÄA3CE:cb g _�b 79æÄADCE:cb _�dPR I g 79æ¦A3CE:cb for e�e À
auto-correlation VW7XOP:Y<´7hA¼CE: ^ 7;AJi�æM:cb g 7`_�A]æ@:cb 7hAf_µA�æ@:cb _ c dPR I 7;AJæ@:gb g 79æWA3CE:cb for _�e�À
spectrum d�7XeY:=<27ÁiPl
êÁÇ Ic eY:ºR c d e©R c d for e�e À
integral time-scale no< QqpL)r[s VW7XOP:=<?À for ªµZ�æ�Z Ic

Detrendedfluctuationanalysis(DFA): The power-law scalingof the fluctuationsis
not affected, if the squareddistances« v� �;�t�4* � ?,¿ �ªÀ É1Á } 	 ?)¿ � � } À É1Á } �
v of all
time-segmentsare replacedby variances« v� �����,* ` y¢�^� ?�1¿ �ªÀ É1Á � � within the seg-
ments.Now, detrendedfluctuationanalysisgoesa stepfurther. It removesthelinear,
quadratic,cubic,etc. trendsfrom the segmentsfitting linearor higherorderpolyno-
mials to all segmentsof the profile beforethe segmentialvariancesaredetermined
(seePenget al. 1994 [64], Bundeet al. 1998 [50], HeneghanandMcDarby 2000
[43]). Note that,conceptually, the linear detrendingof the time-lagintervals returns
theaccumulatedanomaliesto theanomalies.Thus,a properlineardetrendingof the
anomaliescommencesfor quadratic,cubic,etc.detrendingof theprofile. This canbe
seenwhenanalysingasurrogatedataset,whichservesasanintroductoryexamplefor
theDFA methodology. Thefluctuationanalysisbasedon thestructurefunction(FA)
andthedetrendedfluctuationanalysisemploying linear, quadraticandcubicpolyno-
mials(DFA, DFA2, andDFA3) areappliedto anartificial timeserieswhichconsistsof
a lineartrendplusaperiodic50day-waveplusafirst orderauto-regressiveor rednoise
process(Fig. 3.1a).All methodsshow theperiodicity. Only thedetrendedfluctuation
analysis,employing trend-removing polynomialsof secondandhigherorder, capture
the basiclow frequency fluctuationfeatureof the time series,which is white noise.
That is, for long time lags,FA andDFA do not scalewith thewhite noisepower-law,� * }v , asDFA2 andDFA3 do. Therefore,DFA2 will beusedfor furtheranalysis.

Air andsoil temperatures(observedandsimulated):Temperaturetime seriesof local
air andsoil columnsaresubjectedto the DFA analysisto identify regimesof long-
termmemory. This is theobservednearsurfaceair andsoil temperatureat thestation
Potsdam(Germany, 1893-2001,Fig. 3.2a)andsimulatedair temperaturein continen-
tal Europe(coupledatmosphere-oceanGCM ECHAM-HOPE,1000yearcontrolrun,
Fig. 3.2b): (i) Theobservednearsurfaceair (andsoil) temperaturesshow apower-law
scalingregime, which extendsover two decadesfrom lessthanonemonthto about
several decadesand longer. The DFA-scaling exponent � � �[� 8 correspondsto a
power-law variancespectrumh � �B� B (plotted with increasinglog of the period).
This characterises(a) thelong-termmemorywith long lastingpersistenceof temper-
atureanomaliesand(b) theinvarianceof thesamepower-law scalingfor a long time
span.Theoccasionalbreakdown at long periodsmay indicatea transitionto a new
scalingregime � � * �B� i or h * �[� î � , a very long quasi-periodicoscillation,or it may
simply occur, becausethe resultsarelessreliablefor time scalescloseto the record
length. In the soil, the long-termmemoryregimeextendsto about2m. At the low-
estlayerof 12m,a redspectrumdominatesthefluctuationsin thetimerangebetween
yearsandseveraldecades.Thereis a transitionregionbetween2 and12msoil depth,
wherea flickernoiseregimecharacterisesthetemperaturevariability in thetime span
betweenmonthsandmany decades.(ii) Simulatedair temperaturesarerequiredto
supplementthe observations,becauselong recordsof tropospherictemperatureob-

88



K. FRAEDRICH

servationsarenot available. The long-termmemoryregime, h � �B� B , extendswell
into the troposphereturningwhite betweenthe mid-troposphereandthe tropopause.
Thesimulatedlong-termmemoryregimein thesoil is comparableto theobserved,up
to the levelscomputed.(iii) Whetherthe long-termmemoryregime,which governs
thetemporaltemperaturefluctuationsbetweenthemid-troposphereandthenearsur-
facesoil layers,is auniversalphenomenon,hasnotbeensufficiently resolved;coupled
GCM simulationsandobservationsindicatedifferentbehaviourovertheoceansandin
thetropics.In summarising:A power-law scalingdifferentfrom thatgeneratedby the
Brownianmotionanalogof climatevariability, governsthefluctuationsontimescales
betweenamonthandseveraldecadesor evencentury. Thatis, thescaling,whichchar-
acteriseslong-termmemory, remainsunchangedoveralargetimespan.Thissuggests
asuitablecooperationof fundamentalprocessescontributingto theclimatevariability,
which aredifferentfrom thosegeneratingrednoiseor Brownianmotion.

In the Brownian motion case,the fundamentalclimateprocessesmay be attributed
to Newtoniancoolingandadditive stochasticforcing. Newtoniancoolingrelaxesthe
earthsystemto its greenhouseequilibriumby radiative-convectiveheatexchange;the
relaxationtime scale| increaseswith thesystem’s heatcapacity(for simpleclimate
modelssee,for example,(Fraedrich2001[30])). Additive white noiserepresentsun-
correlatedfluctuationsof the atmosphere,which forcesthe climatefluctuationsout
of equilibrium. Thus the climate responseshows two regimes: The red spectrum,h * ® , definesa transitionalfrequency regime, �×-4| � } , wherethedampedsystem
respondson the short frequency part of the white noiseforcing before,for long pe-
riods, � ��| � } , the low frequency partof thewhite forcing dominatesthe system’s
responseapproachingthewhitenoiseplateau.

Fickiandiffusionis anotherfundamentalconceptdescribingthevariability of thecli-
matesystem,whichcharacterisesits lateraland/orverticalAustausch.It existsbesides
Newtoniancoolingwhich,asaparameterisationof theradiative-convectiveprocesses,
relaxesthesystemtowardsits greenhouseequilibrium. HereFickiandiffusiondom-
inatesthe heatbalanceandmay generatelong-termmemory. Diffusive andrandom
fluxes provide the equatorto pole heatexchangeby synopticscaleeddies. In ad-
dition, the turbulent mixing affectsa large spatialdomain(mixing length)within a
relatively shorttime,measuredby theRossby-radiusandthediffusioncoefficient. Fi-
nally, Newtonianrelaxationof thenearsurfacepropertiesto thedeepsoil restoration
temperature,introducesa very long time scale,beyond which the systemstabilises
aboutwhitenoisefluctuations.A toy modelis presented(Fraedrich2002[33]).

A toy model(one-dimensionaldiffusion forcedby randomfluxes): A simple linear
reaction-diffusionequationcanbe usedto describea meridionallyextendingenergy
balanceclimate.Thetropospherictemperature,Í * ð0. Í Ì , fluctuatesabouta glob-
ally averagedrestorationtemperatureÍ Ì (of thedeepsoil, for example).Thesetem-
peraturefluctuationsð areinducedby two processes:(i) Meridionaleddyheatfluxes
in thetroposphereareparameterisedby Fickiandiffusionplusarandomvolumenoise,« * 	 �3ð ô�	 «51 , and(ii) thenearsurfacesoil relaxestowardstheequilibriumdeep
soil temperatureby Newtoniancooling, 	 ð 
 | :

ð � *�	 ð 
 |¤. � �3ð ô . « 1 � ô
Randomheatflux andits intensity, �x«51 � bY� ()� «51 � b^1h� ( 1 � - * ® % « v± u¼� b 	 b^1 �)u¼��(¼	,( 1 �
with ã � $�� « v± �¤* � v $ Ù " � } , may be attributedto the basicallywhite noisefluctua-
tionsof thewater-cycle. TheFickiandiffusionrepresentstheeddyheatfluxes,which
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Fig. 3.2- Temperaturetime seriessubjectedto detrendedfluctuationanalysis(DFA2): (a) Observednear
surfaceair andsoil temperaturesat Potsdam(Germany, 1893 to 2001); stationsin other climatesshow
similar results,(b) simulatedair temperaturesin centralEurope(100years,ECHAM-HOPET30).

is the mostprominentcontributor to mix lower tropospherictemperaturecontrasts.
The diffusion coefficient ²³�´@3µ·¶·¸CB may be scaledby meridionalparticledis-
placement,¶º¹"�N4�» , andthe teleconnectionlife-time, ¼ 
 4�? <�½ ¸¿¾ (sectionIII B),
as the mixing time scale. It provides the short-termlimit of the climate system’s
long-termmemory, which is of themagnitudeof the life cycle of theNorth-Atlantic
Oscillation(NAO). With theRossby-radiusasmixing-length,L=1000km,andthead-
vective time-scale,V = L/t, oneobtains ² 
 4�» # Z ¼ 
 �À?�Á�Â # ¾ � ! (seealsoGreen
1970[41]). Thesubsequentanalysis(seeVossandClarke 1976[84]) appliesFourier
transform,sothatthetemperatureanomalyÃ �ÄT H ')� ��Å T � ; �ÆT H ')�IZ\� ² T #ÈÇ 7 � ! �6Å ')�
in
�ÆT H ')� -spaceandtheresponsespectrum& �ÆT H ')� ��Ã�Ã\É with theconjugatecomplexÃÊÉ canbededuced

& �ÄT H ')� �Ë� #; T # ZÊÌ`� ² T # Ç 7 � ! � # Ç ' #YÍ
Integratingover the 2L mixing-domaingivesa meanmixing temperature

Ì Ã Í . It is
controlledby thediffusiondueto eddylife-cyclesanddescribesthetroposphericand
nearsurfacesoil temperature,

Ì Î-Ï�Ð=Ñ ÍfÒ ÏÄÓ�Ô)Ñ�Õ×Ö�Ø:ÙÕ Ù Î-Ï�ÚÜÛ=Ð=ÑÞÝ�Ú :

Ì Î-Ï
Ð=Ñ Í×Ò ÏÄÓ�Ô�Ñ Õ×Öfß Ù
Õ Ù Ï�Ú�Û=à)ÑÞÝ�Ú Ò ÏÆÓ�áfÑ Õ×Ö×ß/âÕ âËãÀäcå

ÏÆæ\Ô�ÑgÎ-ÏÄæÜÛÞà)ÑçÏÆæ\Ô�Ñ Õ×Ö Ý>æ
Now thevariancespectrumè Ï(à)Ñ of thetimefluctuationsof thetemperatureaveraged
over themixing domaincanbedetermined:

è Ï(à)Ñ Ò5éCêë ÏÄÓ�áfÑ Õ ê Ø âÕ â ÝÊæ¿æ ê
ãçäcå

ê ÏÄæ\Ô)ÑçÌìÏÆíîæ ê�ïFð Õ×Ö Ñ ê�ï à êYÍ ÕfÖ ÏÆæ¿Ô)Ñ Õ êÒ5éCêë ÏÆÓ�áfÑ Õ ê Ô Õ ê�ñ á×í ÕfÖÞò ê Ï ð Õ ê�ï à ê Ñ ÕÜóIòOô Ì
ãÀäcå

ÏÞõ�ö�Ó%÷ÜÑøúù�û%ü Ï ø+ý ÑçÌ þçÿ ã
Ï=õ�ö�Ó%÷ÜÑ

ãÀäcå
Ï��ÈÑ ï

ãçäcå
Ï=õ�ö�Ó�÷ÜÑÞþYÿ

ã
Ï��ÈÑ Í`Í ö

ãÀäcå
ÏÆ÷ÜÑ

90



K. FRAEDRICH

where
�������
	��
�����������

, � ��������� �!���#"$ �%� , & �����('*),+- ���%) $/. � $ �0) "#132 	546���#"$ �7�
with 8 �:9;�=<(�>�@? $ �

. The spectrumis characterisedby two fundamentaltime
scales(or frequencies),which govern the deterministicdynamicsof the system’s
mixing-lengthaveragedtemperaturefluctuations:(i) Thetemperaturerelaxationtime
scaleis associatedwith the Newtoniancoolingandcharacterisesthe slow relaxation
processtowards the deepsoil restorationtemperature. (ii) The diffusive mixing,�BA;�C"$ ' 1 � $EDGF 1 F H

days,is short due to the fastmixing processesin the lower
atmosphere.Thefollowing threespectralregimesareidentified(Fig. 3.1b): (a) High
frequenciesshow a slope

��� A*I ���
:
<J�K��� D � )%LNM $

. (b) Intermediatefrequencies
arecharacterisedby long-termmemoryeffects,which are limited by the time scale
of the slow climate component

�K�PO I � I � A �
:

<,�K��� D �,) " M $
. (c) At very

low frequency, the white noiseplateauis reached
�K�PO I � I � A �

:
<,����� D � A

.
The white noise responselevel at zero frequency is

<,�K� A �Q�@R $A �=�
S���) $ �,) $UT"V0W '*) " M $ �XL0M $ZY F T\[#]�^ � T & �`_ . Neglecting Newtonian cooling
���ba cd�

, that is��ae� " M $�f �;ag"$ S f � � & ah�7�:�3��� " M $
, meansthat thesystemcannotbeattracted

by thestableequilibriumbut thevariancedensityincreases
<J�K����aic

for
��a Hkj

<,�����d�CR $A �=�
S�� ) $Bldm) mon
$ � �!� $ � n ���p��' $

n
V . � $ � ) " � n ��� ) $ 8 n�CR $A �=�
S�� ) $ � ) $ Sq' ) " M $ �:�3��� )%LNM $ Y F T;[#]�^ � Tsr � Y � �!��� r � . 	546��� r �!_t_ r )7L

where
rJ$ �o� 1 � A

is thefrequency normalisedby thenaturaloneassociatedwith the
diffusionprocess,

� A � "$ ' 1 � $ DuF 1 F#H
days. This specialcaserevealstwo power-

law scalingregimes: For low frequencies
���uvw� A �

the spectrumfollows
<,�K��� D� " M $

, andfor higherfrequencies
���yxd� A �

oneobtains
<,����� D �,)%LNM $

. Thissystemis
similar to theoneanalysedby VossandClarke 1976[84], which hasbeenadoptedas
a paradigmfor theobservedpower-law or self-affine scalingof theclimatesystem’s
low-frequency fluctuationsby PelletierandTurcotte1999[63]. However, they usethe
verticalheatflux divergenceassociatedwith verticaloverturningandaverticalmixing
length,which affectsthewholedepthof theatmosphere.

Resonance: The long-termmemoryof the nearsurfacetemperaturesis associated
with thediffusiveenergy flux affectingthelength2L of amixing domain.Thatis, the
temperaturefluctuations(averagedover the2L-domain)arelong-termcorrelatedfor
frequencies,

�>vz�BA{�|"$ ' 1 � $ D}F 1 F H
days,below thenaturalfrequency represent-

ing thediffusionprocess.Thismaybecharacterisedasaresonanceeffect (Benzietal.
1982and1989[6][5]), which commencesat periodslong enoughfor diffusive mix-
ing to spatiallycorrelatetemperaturesacrossthemixing length2L. Now the(domain
averaged)temperaturefluctuationsbecometimecorrelated,notunlikeapositivefeed-
back,so that a long-termmemoryregime evolveswith a processrelatedpower-law
spectrum,whichextendsoverawide frequency band.Thelow frequency limit of this
regimeis setat therelaxationtime-scale,

� O
, of thestabilisinginfluenceof Newtonian

cooling. The high frequency limit,
�BA

, definesthe diffusion time scale,up to which
temperaturefluctuationsat theboundariesof themixing domainremainindependent
of oneanother, sothata long-termmemorycannotevolve in themixing domain.
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B. Teleconnections:Observations, idealisedexperiments,and mechanisms

The large scaleweatheror teleconnectionpattern,which governsthe Europeancli-
mate,revealsalsolong-termmemory. This is the North-AtlanticOscillation(NAO),
whichis oftenquantifiedby anindex givenby thesurfacepressuredifferencebetween
theIcelandLow andtheAzoresHigh in winter. Theindex decribesthezonalityof the
cross-Atlanticflow on a monthlymeanbasis(Fig. 3.3a),althoughthe NAO life cy-
cle laststypically only 10 to 20 days.Thedetrendedfluctuationanalysis(Fig. 3.3b)
shows scalingregimesof NAO indicesobtainedfrom recentobservational(Hurrell
1995[46]) andhistoricalclimaterecords(Luterbacheret al. 1999[55]), simulations
with comprehensivecoupledocean-atmospheremodels(Raibleet al. 2001[66]), and
idealisedexperimentswith a simplifiedatmosphericGCM (Franzkeet al. 2000[36]).
With thepower law slope� D~H�� ���

thelong-termmemoryis lessobviousin theNAO
pressureindex thanin the temperaturedata.This maybedueto thestronginfluence
of the weatherrelatedprocessesdominatingthe intensefluctuationsof pressureor
wind. For observationaldatathe scalingobtainedby DFA-analysisagreeswell with
anadaptedfractionalauto-regressiveprocess(seeabove,Stevensonet al. 2000[77]),
but it differsfrom thesimulatedindices.
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Fig. 3.3- NorthAtlantic Oscillation(NAO): (a)TheNAO-index asthedifferencebetweenthenormalized
sealevel pressureatPontaDelgada,Azore,andStykkisholmur-Reykjavik, Iceland,averagedoverthewinter
seasonDJF(datafrom Hurrel, top panel)andits waveletpower spectrum(basedonMorlet wavelet;cross-
hatchedregioncorrespondsto theconeof influencewherezeropaddinghasreducedthevariance;software
by www.ResearchSystems.com,bottompanel);(b) detrendedfluctuationanalysis(DFA2) of theobserved,
recontructedandsimulatedNAO indices.

Climatological embedding: The North-Atlantic oscillation and the Pacific-North
Americapatternareembeddedin anenvironmentof jetstreamsandstormtracks,which
representthe atmosphere’s first andsecondmoments(Fig. 3.4a-c). Comparingthe
figures,oneobserves that the PNA patternemergeswith a wavetrain-like structure
in regions,wheretheSubtropicalJetin 30

�
latitudeattainsmaximumintensitypole-

ward of the largestheatingover the tropicalPacific. TheNAO developsasa North-
Southdipole (IcelandLow andAzoresHigh) in associationwith an eddydriven or
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a)

b)

c)

Fig. 3.4 - Jetstreams,stormtracks,andteleconnectionpatterns:(a) The mean300hPa zonalwind in the
northernhemispherein winter (Decemberto February, above ���
	���
�� shaded),(b) the annualmeansof
3-6 day bandpassfiltered standarddeviation of the 500hPa geopotential(above 40gpmshaded)with the
surfacepressure(in hPa, thin lines),and(c) teleconnectionpatterns(afterGutzlerandWallace1981):The
Pacific-NorthAmericapattern(PNA, aneast-westdipoleembeddedin anarc from the tropical Pacific to
North America)andtheNorth Atlantic Oscillation(NAO, a North-Southdipolewith centresnearIceland
andAzores).
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Polar� Front Jet, which changesits meridionalposition in a region poleward of the
weakerheatingover thetropicalAtlantic. TheNAO variability coversa widespectral
bandrangingfrom the relatively short life cycle of aboutten daysto a distinct low-
frequency contributionwith enhanced(active)andreduced(passive)phases(Fig. 3.3a
andb, Appenzelleret al. 1998[3]). Thesetwo aspectswill bediscussedin this and
the following subsectionusingidealisedatmosphericandcoupledocean-atmosphere
GCM experiments.

Teleconnectionsobserved(teleconnectivity, patterns,and indices): Teleconnection
patternsdescribecentresof actionwhich characterisethe low-frequency variability
of atmosphericfieldsbetweenremotelocations.Following WallaceandGutzler1981
[86] thesepatternsarededucedfrom thecorrelationmatrix,whoseelementsaretem-
poralcorrelationcoefficients,

�����
, betweenmonthlymeangeopotentialheightfluctua-

tions,
����

, normalisedby their local standarddeviationat any selectedgrid point (sub-
script i) andevery othergridpoint(subscriptj):

����� � v � �� � �� x
. Thecentresof action

inducinglow-frequency variability areidentifiedby theteleconnectivity, givenby the
(negative)correlationminimumof eachcolumnof thecorrelationmatrix: � � ��� � ���

-
minimum of all � � . Teleconnectionpatternsaredefinedby the columnsof the cor-
relationmatrix which,spatiallydisplayed,representone-pointcorrelationmaps(Fig.
3.4c,3.6). A teleconnectionindex is definedasthe differenceof normalisedfluctu-
ationsbetweenanti-correlatedregions(averagedover severalgrid points). It is used
to describethespace-timevariability of a teleconnectionpattern.A largesetof tele-
connectionpatternshasbeenidentifiedin both observationsandgeneralcirculation
models(Fig. 3.4c): North Atlantic Oscillation(NAO), Pacific North Americapattern
(PNA), El Nino/SouthernOscillation(ENSO).

IdealizedGCM experiments: Atmosphericeigenmodessimilar to theobservedNAO
andPNA structureoccurin experimentswith anidealisedatmosphericGCM(PUMA).
This idealisedatmosphericcirculationis representedby a globalspectralmodelsolv-
ing theprimitive equationson sigmalevels(pressure/surfacepressure).Thediabatic
processesarerepresentedby Newtoniancoolingwith themodelbeingdrivento a ref-
erencetemperature,��� T � , within arelaxationtimescale

� � D � H 8 ���X� . Dissipation
is formulatedby Rayleighfriction. Themodelis usedwith T21spectraltruncationand
5 equallyspacedsigmalevels(PUMA, PortableUniversityModelof theAtmosphere,
Fraedrichet al. 1998). The idealisedexperimentsare designedwith and without
the mid-latitudestormtracksand weakor strongtropical heatingto explore the at-
mosphericmechanismsunderlyinglow frequency variability (Jameset al. 1994[47],
Frisiuset al. 1998[37], Franzke et al. 2000[35] and2001[36], Walter et al. 2000
[87]).

Jetstreamsandeddies: Two classesof mechanismscontributeto theobservedstateof
theatmosphere,diabaticanddissipativeprocesses,andadiabaticnonlineardynamics.
Thephysicalprocesseslink thetime meanflow to theexternalforcing (radiation,la-
tentheatrelease)andthe dynamicsmodify this basicstateby its time-meaneffects,
whicharedueto divergenceor convergenceof momentum-andtemperaturetransports
by transienteddies. The interactionof both physicalanddynamicalprocessesand
the sensitivity of the basicstateon bothmechanismsis documentedby four PUMA
simulations.A zonallyandhemisphericallysymmetric��� -field with a 90 K equator-
poledifferenceprovidesthe diabaticforcing. With or without an additionaldiabatic
heatsourceat the equator(1K/day), one cansimulatethe situationsof strongeror
weaker releaseof latentheatover the tropicalPacific andAtlantic. Theeffect of ed-
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a) b)

Fig. 3.5- Meridionalcross-sectionsof thezonalmeanzonalwind (thin line) andthemassstreamfunction
(heavy line, top panels),the temperature(thin line) and the baroclinic growth rate (heavy line, bottom
panels)of PUMA simulationswith andwithoutadditionalequatorialheating(left andright column;height
in Pascal):(a) without transienteddiesand(b) with transienteddies.

dieson thesetwo basicstatesis analysedby integrationswith andwithout initialising
transienteddies.Vertical-meridionalcross-sectionsof four zonallyaveragedparame-
tersdescribethetime-meanflow responses:Zonalwind, mass-streamfunction,tem-
peratureandbaroclinicity or baroclinicgrowth (Eady1949[11]). Without transient
disturbances(Fig. 3.5a),an additionalequatorialheatsourceenhancesthe Hadley
cell andthesubtropicaljet. Baroclinicity is alsoenhancedandconcentratesnearthe
strengthenedsubtropicaljet; a secondarymaximumappearsin themid-latitudes(50 
to 60 ). With transienteddies(Fig. 3.5b) the circulationchangessignificantly: The
eddydriven jet of the mid-latitudesdominatesthe zonalwind field in both casesof
weakandstrongtropicalheatingwith thesubtropicaljet at thepolewardbranchof the
Hadley cell beingreducedto a secondaryminimum. Thusthe zoneof largestbaro-
clinicity is shifted polewardsand weakens. That is, the transienteddiesaffect the
meridionalcirculationwhich,by building theFerrelcell, strengthenstheHadley cell.

Teleconnectionsandstormtrackphenomenology: An almostrealisticsinglestormtrack
is generatedby superimposinga zonally asymmetriccontribution to the symmetric
globalreferencetemperaturefield, which consistsof anidealiseddipolerepresenting
a cold continentlocatednorthwestward of a warm ocean. This � � -dipole anomaly
decreaseswith heightandvanishesat the tropopause.The teleconnectionpatternof
thesinglestormtrackexperimentandits fluctuationarecharacterisedby a retrograde
travelling Rossbywave numbertwo (Frisiuset al. 1998[37]). Two-stormtrackex-
periments(Franzke et al. 2001 [36]) areperformedintroducingtwo � � -dipolesat
varying zonaldistancewith onedipole beingshiftedfrom 180 to 130 . To further
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a) b) c)

d) e) f)

Fig. 3.6- Idealizedtwo stormtrackexperimentof ����!#" separation:(a)Restorationtemperatureat900hPa
(contourinterval is 10K), (b) stormtrackor standarddeviation of band-passfiltered 500hPa geopotential
(high-frequency transienteddies,contourinterval is 5pgm), (c) long-termmeanof 300hPa geopotential
minuszonalmean(stationaryeddies,contourinterval 20 gpm), (d) teleconnectivity (contourinterval is
0.05),(e) and(f) local correlationsof monthlymean300hPa geopotential(contouris 0.2,negative values
aredashed,zeroline is not displayed)for basepoint in P-area( ��$&% ' " E, (*)�%�� " N) andA-area( +�'�!&% $ " E,(*)�%�� " N).

compareidealisedexperimentswith theobservedstormtracksandteleconnectionsin
the North Atlantic andNorth Pacific, the areadownstreamof the shiftedTR-dipole
is denotedasA-area,theotheroneasP-area;therespective A- andP-teleconnection
indicesandtheir patternsarededuced:(i) Separationsof 200 to 160 betweenthe
two stormtrackgenerating�,� -dipolescreateteleconnectionpatternswhich, not un-
like thesinglestormtrackcase,describea retrogradetravelling Rossbywave number
two (Franzke et al. 2000[35]) with a strongcorrelationbetweenthetwo teleconnec-
tion indices.Thelow frequency variability andexitationof theRossbywave is dueto
thesizeandlocationof thestormtracks,which induceamplification(damping)of the
anti-cyclonic(cyclonic)partof thewave(seebelow). (ii) Separationsof 140 to 150 
betweenthe two stormtrackgenerating� � -dipolesyield a more realistic climatol-
ogy of thelocationof thestormtracksandtheasymmetrictime meanflow (stationary
waves,Fig. 3.6a-c)wherethe A-areaandP-arealie in the lower andupperhalf of
eachgraph.Two teleconnectionscoexist whoseteleconnectivitiesandlocalone-point
correlations(A- andP-pattern)are,in contrastto the180 experiment,unrelatedand
similar to theobservedNAO andthePNA pattern(seeWallaceandGutzler1981[86],
Fig. 3.6d-f). Both patternsundergoa low frequency life cycleof about20 days(from
-10 to +10daylag,Fig. 3.7a-cfor theA-patternonly), which is alsocomparablewith
the observed features.Life cycle compositesshow the following results:The posi-
tiveA-index is associatedwith a retrogradetravelling barotropicRossbywave,which
originatesin the centerof the A-storm track (-20 day lag) andpropagatesupstream.
Whenthe high pressureareaof this wave passesthe stormtrack, its amplitudeam-
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a) lag -5 days b) lag0 days c) lag+5 days

d) lag -10days e) lag0 days f) +10days

Fig. 3.7 - Idealizedtwo stormtrackexperimentof ����! " separation(A-area): Lag correlationpatternsof
300hPa geopotentialheightarebasedon low passfiltereddaily dataof (a) -5 days,(b) 0 daysand(c) +5
days.Thebasepoint is at +�'�!&% $ " E, (*)�%�� " N in theA-area,which is locatedin the lower partof all panels
(contourinterval is 0.2,thezerocontouris notdisplayed).Compositesof theverticalmeanstreamfunction
anomalyfor positiveA-index eventsatd) day-10,e)day0, f) day10. Thecontourinterval is �.-/��!#01	�2�� 
�� ,
shadingindicatessignificanceabove the 3�3#4 -level.

plifies (until zero-lag)anddecaysafter zero-lag(Fig. 3.7d-f). At zero-lagthe high
pressureareaof thebarotropicwavecompositecoincideswith thepositiveareaof the
onepoint correlationmapandwith thehigh pressureanomalyof thestationarywave;
the centerof the low pressurearea(further downstream)doesnot coincidewith the
negative areain the onepoint correlationmap. The negative phaseof the index is
similar to thepositivephasebut of oppositesigns(notshown).

Mechanisms(location,life-cycle,andspatialresonance):Fromthephenomenological
analysiswe turn to thephysicalmechanisms,whichgenerateandsupportthetelecon-
nectionpattern. (i) As the positive areaof the one-pointcorrelationmapcoincides
with the high pressureareaof thestationaryeddies,theasymmetrictime meanflow
appearsto be responsiblefor the geographicallocation of the low frequency vari-
ability (seeBranstator1990[8], Kang 1990[49]). It is shown that the responsesof
forcedRossbywavesdependstronglyon themeanflow structure.This is supported
by the barotropicstreamfunctiontendency with eight termsof linear andnonlinear
interactions(seeFranzke et al. 2001 [36]), which is appliedto the compositelife-
cycle (shown in Fig. 3.7d-f). (ii) TheA-patternlife cycleor low-frequency variability
is exited (as early as -20 day lag) by the zonally asymmetrictime meanflow (sta-
tionary wave, Fig. 3.6c), which interactswith the retrogradetravelling barotropic
Rossbywave numbertwo. Note that its amplitudeamplifies,whenits high pressure
areapassesthestormtrack,whichcharacterisesspatialresonance(seeiii). Thedecay

97



ISSAOS2001

(a) Amplification
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Fig. 3.8 - Mechanismof ’spatial resonance’leadingto ridge amplification(H) and trough weakening
(L): Both ridge (a) and trough(b) of the eastward traveling Rossbywave (arrows) generatepositive (a)

andnegative (b) streamfunctiontendencies,W�X -W*Y , whenprojectedonto the positive high frequency eddy

forcing, Z 
 2\[ C Z]- [ ^_.`ba*`Oc&c , (shadedareas).Theobserved phaseshift betweenhigh frequency eddy
forcing (shadedareas)andthephaseof the 6 -wave is alsoindicated.

of the anomaly(after zerolag) commenceswith the endof the exitation phaseafter
passageof the Rossbywave. The streamfunctiontendency of this decay-partof the
life cycle is forcedby the interactionbetweenthe zonalmeantime meanflow with
the low frequency flow, andthe low frequency contribution to the divergenceterm.
(iii) The ’spatialresonance’mechanismcharacterisesthestormtrack inducedampli-
fication (decay)of the anti-cyclonic (cyclonic) part of the wave. It canbe formally
derivedby the low frequency barotropicstreamfunctionor vorticity tendency, whose
dominatingtermis thedivergenceof thehigh frequency vorticity flux (Franzke et al.
2000[35]) (Fig. 3.8a,b). In thissensethehigh frequency eddiescreatelow frequency
variability. Thesamemechanismoccursalsoin oceancirculations,which aredriven
by aspatiallyinhomogeneousstormtrack(Suraetal. 2000[74]).

Summarising: This sectionis an introductionto long-termmemoryandthe mecha-
nisms,whichmayetablishlow frequency variability in theclimatesystem.Themeth-
odsof analysisintroducedaredataanalysistechniques,idealisedcirculationmodel
experiments,and the developmentof conceptualmodels: (i) Long-termmemoryis
documentedby detrendedfluctuationanalysisappliedto observedandsimulateddata.
A toy diffusion modelwith randomforcing andNewtonianrelaxationis presented,
which shows qualitatively similar behaviour. (ii) The dynamicsof teleconnections
andtheir life cyclesis analysed;they arepartof theatmosphere’s low frequency vari-
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ability. Spatialresonanceappearsasasuitablemechanismto describethelife-cycleof
teleconnectionpatternsandto generatelow frequency variability in idealisedmodels
of theatmosphericcirculation(Franzke et al. 2000,2001[35][36]). A similar mech-
anismhasbeendiscoveredfor a shallow wateroceanforcedby theatmosphere(Sura
et al. 2000[74]). (iii) Finally (not discussed),noiseinducedregimetransitionsmay
beaddedasanothermechanismproducinglow-frequency variability. A shallow water
oceanforcedby spatially inhomogeneousrandomwindstressshows suchbehaviour
(Suraet al. 2001[75]). Althoughthesubjectof long-termmemoryandtheassociated
processesis far from beingcompletelydescribed,thenext section,whichservesasan
outlook,extendsthepredictabilityissueinto thenew field of GlobalChange.

IV. GLOBAL CHANGE PREDICTABILITY : SEVEN GLOBAL RISKS

Lectureson predictability of weatherand climate would be incompletewithout an
outlook to somefuture issues. One issueis relatedGlobal Changeanda scientifi-
cally basedguidancefor political initiatives,decisions,andactions. Not unlike the
informationprovided for clientsof weatherforecasts(shouldshetake her umbrella
or leave it at home),Global Changepolitics expectsandrequiresrecommendations.
In bothcases,thediagnosedpastandpresentjoin thepredictionof futurestatesand
leadto recommendationsrespectingnormative-ethicalLeitmotifs (Tab. 4.1).Working
tools for GlobalChangeadvicearedevelopedandextensively discussedby theGer-
manAdvisory Councilof GlobalChange(WBGU) in their reportsto thegovernment
(http://www.wbgu.de;seealsoFraedrich2000[29]).

Tab. 4.1- GlobalChange:Diagnosis,prognosis,andrecommendations

Diagnosis Symptoms:trendsof globalenvironmentalchanges

Syndromes:positive feedbacksbetweensymptoms

Criticality: loadingof naturalsystems,complex indicators

Prognosis Risks,risk classesandassociatedstrategies

Risk dynamics

RecommendationNormative-ethicalLeitmotif

Qualitative evaluationof diagnosisandprognosis

Quantitative evaluation:guardrailsandtolerancewindows

Thepredictabilityissuemaysuffice hereasa first introduction. It is associatedwith
therisk concept,by whichthediagnosticsof damageandits circumstancesturnsinto a
prognosisprovidedby anestimateof theprobabilitiesof its occurrence.Thusdamage
versusprobabilityof occurrencespanatwo-dimensionalphasespaceof risks,in which
threeregionsareidentified:Normal,transitionandprohibitedareas(Fig. 4.1).Adding
confidenceintervals to the damageand the probability estimatesenlargesthe two-
dimensionalphasespaceof Global Changerisks, whosedimensioncan be further
increasedby including informationon their spatialextent, their durationandtypeof
evolution,thatis theubiquity, persistenceandirreversibility of theglobalrisks. In this
effectivelyhigherdimensionalphasespacerisk classesareformed,whichmaycontain
risksof differentorigin. Sevenglobalrisk classeshave beenidentifiedwhich,except
for the unknown risk, are coinedafter the Greekmythology: Cyclops, Cassandra,
Medusa, Pandora, Damocles, Phythia(Beeseetal. 1998[90]).
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Fig. 4.1 - Risk Classesof GlobalChange:Their locationin thenormal,transitionandprohibitedregions
of the(damage,probability)-space(afterWBGU 1998[90]).

Action of societymay move a risk from oneregion to another, even by perception.
A concertedaction,however, is required,if risksareto bereducedandshiftedto the
normalregion. Therefore,eachrisk classrequiresits own reductionstrategy, which is
relatedto its locationin phasespace.For example:Cyclopsaremighty giantswho,
for all their strengthbut beingone-eyed,canonly perceive onesideof reality. Thus,
Cyclopeclassrisksarecharacterisedby a probabilityof occurrence,which is highly
uncertainbut, if damageoccurs,it is very large. Many naturaleventslike floodsand
earthquakesfall in this class,and the occurrenceof AIDS. The high uncertaintyof
occurrencerequiresthreestrategies: Ascertainingthe probability, prevent surprises,
andmanageemergency. - This outlook on predictabilityand forecastingin Global
Changeandthis specificexamplemay suffice asa snapshotof a new researcharea
linking thesocial,economic,andnaturalsciencecommunities.
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