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Abstract. The distribution of extreme event return times  Even weak LTM (withy slightly below 1) has consid-
and their correlations are analyzed in observed and simuerable impacts on return times of extreme events (Altmann
lated long-term memory (LTM) time series withi A power  and Kantz, 2005; Eichner et al., 2007). An obvious reason
spectra. The analysis is based on tropical temperature anfbr this effect is the clustering of threshold crossings dur-
mixing ratio (specific humidity) time series from TOGA ing periods with high averages (Bunde et al., 2005). The
COARE with 1 min resolution and an approximat¢f1l  distribution of return times, in the presence of LTM is ap-
power spectrum. Extreme events are determined by Pealkproximately given by a stretched exponentjak exp(—t) ),
Over-Threshold (POT) crossing. The Weibull distribution where the exponent is assumed to be identical to the corre-
represents a reasonable fit to the return time distributiongation exponenty. The stretched exponential is motivated
while the power-law predicted by the stretched exponentialby the study of Newell and Rosenblatt (1962) who derived
for 1/f deviates considerably. an upper bound for the probability of no zero crossings in

For a comparison and an analysis of the return time prepower-law correlated Gaussian processes. Olla (2007) ap-
dictability, a very long simulated time series with an approx- plied ane-expansion fory=1—¢ and obtained a stretched
imate ¥/ f spectrum is produced by a fractionally differenced exponential distribution with exponemt. Stretched expo-
(FD) process. This simulated data confirms the Weibull dis-nential distributions are found for linear systems with LTM
tribution (a power law can be excluded). The return time se-(Altmann and Kantz, 2005). There are classes of nonlinear
guences show distinctly weaker long-term correlations thardynamical systems which show algebraic (power-law) dis-
the original time series (correlation exponent0.56). tributions (Zaslavsky, 2002). For inter-event distributions of
earth quakes Corral (2004) suggests a gamma distribution.
The long-term memory does not only alter the distribution of
return times but also their temporal correlations which are the
basis for the return time predictability (Bunde et al., 2004;
Altmann and Kantz, 2005).

The present study is motivated by the abundance of ob-
served nonstationary/¥ time series which are at the border

1 Introduction

Long-term memory (LTM) is a ubiquitous phenomenon in
natural time series and mainly identified by power-laws char-

acterized by a single correlation exponenin the correla- . . ; i X
y 9 pongn of stationarity. The aim of this paper is to analyse extreme

tion function, C (¢)~t~" (Fraedrich and Blender, 2003). In event return time statistics in hiah resolution observations
many observed time series, predominantly sea surface tem v urn ISUCS In hig utl vatl

peratures, Af power spectra are found related to small gf :Lorp'sal Iboundary Ita:ytrar: t;a_?p(reraulltre a;nd hrl;m'?'t)é xmfh
(Weissman, 1988; Monetti et al., 2003). In the current dis- icr)n Iet Zati;,lf—sgr)iec ubt .in Otlebesul sna ei;o I F;?r? f ta
cussion on anthropogenic climate change, the simulation of muiate € series oblained by a long simuiation of a sta

LTM becomes relevant since anthropogenic trends may béionaw fractionally differenced process (FD) with a power

masked by low frequency internal variability (Blender and spec.trum_ n the vicinity of theﬂf. To evaluatg pote_ntlal_
Fraedrich, 2003). predictability, long-term correlations of return times in this

time series are estimated.
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The paper is organized as follows: In SELTM is de- (i) The DFA determines fluctuatiorf8(r) on time scales
fined and available results on return time distributions are in stationary anomaly sequences with LTM. Trends in
summarized. The long term memory properties and the re-  the time series can be eliminated by extensions of the
turn time distributions of the observational data are deter- DFA (Fraedrich and Blender, 2003).
mined in Sect3. In Sect.4 simulated time series are com-
pared and the correlation properties of the extreme event in—(”)
tervals are analyzed. The Sestconcludes with a summary
and discussion.

To assess the contributions of short- and long term

memory components, fits of autoregressive processes
(AR) and fractionally integrated autoregressive process

are considered. In the following, FAR is used as a short

notation for FARIMA (p, d, 0) (Hosking, 1981) which

2 Estimating long-term memory and extreme event re- includes an autoregressive (AR) process of opdand
turn time statistics a fractionally differenced (FD) process with dimension
d.

For the estimation of long-term memory (LTM, Beran, 1994)
several methods are available. We compare results of the D
trended Fluctuation Analysis (DFA, Peng et al., 1994) with ¢ (B)x; = ¢, Q)
fits of FARIMA (p, d, 0) processes (Hosking, 1981). The hereB is the backshift operator defined By;=x;_1, and
FARIMA processes are able to assess the contributions o . . : - A O
o €, is white noise. Using the coefficients, the polynomial
short- and long-term components. The distribution of the ex—¢(B) is
treme event return times is altered in the presence of LTM

e‘[ he AR process is defined by

since long periods with anomalous low or high persistent de- By — P 5
viations occur. The correlations between successive extrem@(B)¥ = i — Zla”x’*" @
event return times are useful for the prediction of extreme "= ) . )
event return times. The FD process (Hosking, 1981) is derived from

_ 1-B)x, =¢ ©)
2.1 Long-term memory analysis o

and leads to an AR process of infinite order
A time series has long-term memory (LTM, also denoted as 00
. . . . . I'n—d)

long-term persistence) if the correlation functiéiy) is not  x; = nXi—p + €, G = ————"—— 4)
integrable (Beran, 1994). For a long-term power-law decay, n=1 Pl +1)

C()~1~7, LTM is equivalent toy>0. Empirical time series  For low frequencies the FD process shows a scaling power
have LTM if the autocorrelation follows a power-law with spectrums( /)~ f~# with spectral exponer=2d and cor-
exponent &y <1 for the largest time scales present. LTM relation exponeny=1—2d.
is UbiQUitOUS in nature and shows up mainly in temperature The FAR process is given by the combination
records (Fraedrich and Blender, 2003; Huybers and Curry, d.
2006). The exponeng of the power spectrun§(f)~f—#,  PBIA—B)x =& ®)
and the correlation exponent are relateddeyl — y, hence  and is determined by coefficients in the AR and the dimen-
the power spectrum increases with decreasing frequency fosiond.
y<1.

To determine LTM properties two methods are applied2.2 Extreme event return distributions
(see Sect. 2.1): Detrended fluctuation analysis (DFA, Peng et . ) o
al., 1994), and an estimation of the parameters in FARIMAAN €xtreme event in a time serias, i=1,..., N, crosses
(p. d, 0) processes (Hosking, 1981). a given threshold WI"[h Xi>q. The return time, between

The two methods are independent complements for thé"‘_’o extreme events is the time interval between two events
analysis of our data and inhibit an erroneous detection ofVith xi>¢ andxi, >¢ and lower values;; <¢ in between,
LTM: While there is a known LTM detection problem in the i</ <i-+f-. The mean return im&, depends on the thresh-
DFA in short term memory time series (Maraun et al., 2004),0/d ¢ and is approximated by the probability distribution
this method does not require any model assumption (for exfunction (pdf) D(x) of the time series
ample normality of the data). The FARIMA process isideal  _; [ DO
for the detection of short- and long-term memory, in addi- "4 _/{; (x)dx
tion, it allows a significance test for the number of parame-
ters, however, normality of the data is required.

(6)

In the present paper, the threshgli determined to obtain a
specific value ofR,. For uncorrelated data, the return times
are exponentially distributed following a Poisson process

1
Pq () = R_ ex[x—tr/Rq) (7)
q
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LTM leads to periods with anomalous persistent low or high
deviations. During such periods extreme high values are ei
ther rare (for low anomalies) or frequent (during high anoma-
lies). Thus return time statistics shows clustering which is
not observed in time series without memory.

For LTM time series stretched exponential return time dis-

tributions are suggested (Bunde et al., 2004; Altmann and

Kantz, 2005; Eichner et al., 2007)

Paltr) % 2L Xp—(by1, /)] (8)

q
Note that the scaling exponeptis conjectured to be equal to
the correlation exponent which characterizes LTM. The co-
efficientsa, =y I"(2/y)/ r2(1/y) andb,=I"(2/y)/ T (1/y)
are determined by normalisation pf and the condition for
the meanR,=<t>, I' is the gamma-function.
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al. (2007) in their EqQ. (10) to correct the pure stretched expo-
nential,~ exp(—t?), for small return times.

The advantages of the Weibull distribution for the charac-
terization of extreme event return times are:

(i) The Weibull distribution {3) combines ) and the short
time limit (11) and describes the observed distribution
in a wide range of return times.

The cumulative distribution function is known,
Fw(t,)=1—exd—(¢,/7)¥], and the mean recurrence
time is determined bR=tT"(1+1/y). This cumulative
distribution function is useful for statistical analyses.

(ii)

(iii) According to Sornette (2006) power-laws can be ap-
proximated by the Weibull distribution in arbitrary in-

tervals to any prescribed accuracy.

In the limit y—0, the stretched exponential approaches a The fit of the discrete power-law and Weibull distribution

power law

log p, (t-) ~ —slogt. + const

©)
with the exponent

— i Y —
s = )linoyb” =15 (20)

Altmann and Kantz (2005) and Eichner et al. (2007) con-
sider the correlation exponent0B<y <1 that is, between
almost ¥ f and white noise. Eichner et al. (2007) show that
the stretched exponential is valid for several types of distri-
butionsD.

For small return times;, <R, the observed distribution
deviates from the stretched exponent&lgnd scales as (see
Eq. (10) in Eichner et al., 2007).

v\
Rgpq (1) ~ (—) (11)
Ry
with the proposed valu€=y’ — 1, y’~y for Gaussian den-
sity. For large return times, (> R,) the limit of the distribu-

tion (8) is
Ry py(ty) ~ exp—(bt, /Ry ]

The stretched exponential is accepted as an approximate re
resentation for linear LTM processes (Altmann and Kantz,
2005; Eichner et al., 2007).

An alternative to the stretched exponential distributign (
is the Weibull distribution (Sornette, 2006; Abaimov et al.,
2007) with the scale parameteand the shape parameter

(12)

y (\' 7
pw(ty) = ; (?) exp—( /)] (13)
Note that the Weibull distribution fop <1 is frequently de-
noted stretched exponential distribution; this, however, dif-
fers from @) by the prefactor~t¥~1. Without reference

to Weibull, the power-law 1) is suggested by Eichner et

www.nonlin-processes-geophys.net/15/557/2008/

to the return time series is performed following Clausset et
al. (2007). The approach fits the parameters of the distribu-
tions (exponents for power-laws; shape and scale parameters
for Weibull) using Maximum Likelihood estimation and de-
termines an optimal range (restricted by a minimum return
time cutoff) by minimizing the Kolmogorov-Smirnov dis-
tance.

The correlations between successive extreme event return
times are one of the most useful aspects in practical ap-
plications of extreme value theory. Given time series with
weak LTM (correlation exponents=0.4 and 07), Bunde et
al. (2004) analyse the respective return times arranged in a
sequence, and find their long-term correlation expongnts
to be similar to the exponents of the original time series. It
is expected that this relationship changes distinctly for very
strong LTM due to its close vicinity to the nonstationarity
threshold 1f.

In this paper, extreme events are determined by the Peak-
Over-Threshold (POT) method with different thresholds
which are adjusted for mean return tim&s. The de-
trended fluctuation analysis (DFA) is employed to determine
the LTM of the observational data and the recurrence times
in the simulated data. Fits of FARIMA process support the
LTM analysis of observational data. The time series are sim-
piated by fractionally differenced processes (FD, Hosking,
1981). The fits of the power-law and the Weibull distribu-
tions are performed by the code available from Clausset et
al. (2007). For all other calculations we use the statistics
software R (R Development Core Team, 2005).

3 High resolution observational data

The observed time series analyzed in this study are ob-
tained during the TOGA-COARE experiment (November
1992—February 1993, Data Processing Center/Data Archive
and Distribution Center for COARE Surface Meteorologi-
cal Data, Florida State University, COARE-MET; Webster

Nonlin. Processes Geophys., 56553368
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and Lukas, 1992). The aim of the international field ex- where/ is the maximized likelihood function aridthe
periment TOGA COARE during 1992-1993 was to study number of estimated parameters. For temperature and
the atmospheric and oceanic processes over the western Pa- mixing ratio it appears that the FAR process is supe-
cific. The data measured at the Research Vessel (R/V) Kexue  rior to AR processes for small numbers of coefficients
(3.9° S, 1559° E) encompasses boundary layer near surface  (Fig. 3a,b). The mixing ratio shows a higher preference
air temperature and the mixing ratio with one minute resolu- for the FAR than temperature, which can be explained
tion (Fig. 1); this data set has been corrected by Lucas and by the higher degree of scaling (Figp). Furthermore,
Zipser (2000). In the air temperature time series the diurnal a maximum likelihood ratio test (99% significance) sup-
cycle (daily mean with 1 min resolution) is removed for the ports a lower degree of the autoregressive component in
analysis. The weak diurnal cycle in the mixing ratio is not the FAR for the mixing ratio.

removed since this does not change the result.

The mixing ratio (Fig.1c) reveals the presence of a large  Likelihood ratio tests are performed to test whether higher
scale event during the first part of the time series (due to rder models give significant improvement compared to
passing 40-day wave). The fluctuations of the temperaturdower order models. FAR-models are tested against all (AR
and the mixing ratio are Characterized by/q:bower Spec- and FAR) lower order mOdeIS, while the test for the AR-
trum in a wide range of time scales (Yano et al., 2001, 2004) models is only performed for lower order. Filled symbols
Only a part of this time series @10% time steps, roughly 61  (Fig. 3) show significance against lower order models on the
days) is analyzed to keep the number of missing values be99% significance level.
low <5%. The missing values are rep|aced by the mean and For both observed datasets FAR-models Outperform the
no attempt has been made to determine the effect of thes8Rs for all model orders below=7 according to the Akaike
replacements. information criterion and the likelihood ratio test. Even for

The overall behaviour of the data indicates nonstationarteémperature (Fig3a), where the information criterium looks
ities in both time series. The frequency distributions for Auite similar for higher model orders, the likelihood ratio
both time series (Figlb, d) show deviations from Gaussian, test prefers the FAR-models. However, the likelihood ra-
which are, however, not substantial and presumably related© test for temperature does not indicate an optimal model

to the nonstationarity. order. The mixing ratio (Fig3b) can best be characterized
by an FAR-model including four additional AR coefficients
3.1 Long term memory analysis with the correlation exponemt~5.10~4. Since the model of

choice is less clear for the temperature we consider the corre-
To determine LTM properties of the two observed time se-lation exponents and their standard deviations. The correla-
ries two methods are applied (see S@ct): Detrended fluc-  tion exponents decay frop=0.016 for p=0 toy~10~* for
tuation analysis (DFA, Peng et al., 1994), and an estimationp>2; the standard deviations are belev2-10~3. In sum-
of the parameters in FARIMAK, d, 0) process (Hosking, marising we conclude that the spectra of both observed time
1981). series can be considered g¥'1

(i) The DFA spectra in Fig2a, b show scaling fluctu- 3-2 Return time distributions
ation spectra,F(t)~t%, with exponentsa~1...1.1
close to a 1f—spectrum ¢=1) for the temperature
and the mixing ratio. The power spectrum is closely
related toF(r) and scales as$(f)~ f# with expo-
nentsp=2a—1~1...1.2; the correlation exponents are
y=1—~0...—0.2. Note that the temperature fluctua-
tion spectrum in Fig2a approaches~1 (y=0) for long
time periods . >10° min) during two decades. An anal-
ysis of a trend-eliminating version of the DFA yields the
same exponents.

The return time distributiong,, (¢,) for temperature and mix-
ing ratio are determined for the mean return tiRg=100
(6). For the data the complementary cumulative distribution
function (CCDF) is determinedCr(¢,)=1—F(t,), where
F(t,) is the cumulative distribution function. Scaling of the
distribution function is preserved in the CCDF with an expo-
nent reduced by 1. Unfortunately, a fit of the stretched expo-
nential distribution is inhibited by insurmountable numerical
difficulties.

The distributions in Fig4a, b are compared with the fits

(i) Short- and long term memory contributions are assesse@ Weibull distributions {3) and power-laws. The Weibull

by fits of autoregressive processes (AR) and fractionallyParameters, the power-law exponents, and the cutoffs are
integrated autoregressive process (FAR): see Qect. diven in Table 1 together with confidence intervals, which

To determine the optimal number of parameters in the®® determined by resampling with replacement (1000 sam-

FAR fit, the Akaike information criterion (AIC) is used P!€s). For temperature and mixing ratio the powerlaw expo-
based on the minimum of nents=1.5 lies outside the confidence intervalls.

AIC = —2log(L) + 2k (14)

Nonlin. Processes Geophys., 15, 5585 2008 www.nonlin-processes-geophys.net/15/557/2008/
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Fig. 1. Observations ofa) atmospheric near surface temperature and(enehixing ratio; corresponding frequency distributionglix) and
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Fig. 2. DFA fluctuation function of(a) atmospheric near surface temperature @)dmixing ratio at R/V Kexue. The solid (red) lines

indicatese = 1.1, the dashed (blue) lines representy -1spectrum ¢=1).

The cutoffs are determined by minimizing the reasonably well approximated by Weibull distributions in a
Kolmogorov-Smirnov test statistic. The power-law fits wide range of return times. Note that the power-law fits are
are compared with the power-law=1.5 predicted by the restricted to narrow ranges (in particular for the mixing ratio)
limit of the stretched exponential for/ £ noise @, 10). The  and are obviously worse approximations for the observed
return time distributions for the two observed time series aredistributions. The power-law exponents for air temperature
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Fig. 3. Akaike Information Criterion (AIC) for AR £) and FAR ¢) models:(a) air temperature an¢b) mixing ratio. Filled symbols show
significance against lower order models according to likelihood-ratio tests.
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Fig. 4. Complementary cumulative distribution functions for the return timgajmir temperature(b) mixing ratio, and(c) 1/f simulated

data. Dashed (red) curves denote Weibull distributidi3s &énd solid (blue) power-laws distributions. Vertical lines denote cutgffg. The

solid black lines denote the exponen’ for the same cutoffs as the fits (this overlaps with the blue line in (c)). In (c) the 95% confidence
interval is gray shaded.

(s=1.74) and mixing ratio {=1.8) differ substantially from is chosen a$=0.99 (¢=p/2=0.495 y=0.01) to obtain an

1.5, since this value is beyond the confidence intervalsapproximation for a stationary time series with & Jpower

(Table 1). spectrum. To inhibit the impact of finite size effects in the
comparison with observational data, the total length of the
simulated time series is identical with that of the observed

4 Simulated data data (v=8.8-10"). For the following analysis of the LTM in
the return time sequence, however, a very long time series of

Simulated time series with self-similar LTM are generated by N=10° is simulated.

a linear autoregressive process. As the AR @ris(respon-

sible for short memory, the simulated data is simulated by an

FD process4), see Fig5 for the time series and the Gaus-

sian frequency distribution. The power spectrum exponent

Nonlin. Processes Geophys., 15, 5585 2008 www.nonlin-processes-geophys.net/15/557/2008/
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a) Simulated data 0.30 b)

0 20000 40000 60000 80000 -5 0 5

Table 1. Values of: estimated parameters for Weibull and power-
law distributions (with 95% confidence intervals), and cutoffs for
the Weibull (power-law) distribution.

temperature mixing ratio simulated data
shapey 0.21(0.17,0.27) 0.15(0.11, 1.88) 0.19 (0.15, 0.25)
scaler 0.36 (0.04,1.94) 0.003 (1®, 0.04) 0.29 (0.01, 2.68)
exponent  1.74 (1.66, 1.85) 1.80 (1.69, 1.94) 1.53(1.49,1.57)
cutoff kmin 4 (8) 5 (46) 5(10)

log,, F(n)

(i) The conjecture that the stretched exponential exponent
(see Eq8) is identical to the correlation exponentis
not valid.

(i) The streched exponential is not valid for very small
y=0.01, i.e. near 1f.

4.2 Potential predictability of extreme event return times

For time series with weak LTM (correlation exponents

y=0.4,0.7, Bunde et al., 2004) the sequeneg&) com-
Fig. 6. DFA fluctuation functions for the sequence of return times posed of extreme event return times show long-term correla-
obtained with a FD¥=0.01) and different thresholds correspond- tjons with similar LTM as the time series itself. To analyse
ing to the mean return timeg, as indicated.n enumerates the  this pehavior in the vicinity of 1f noise, the correlation ex-
return time sequence. The solid lines show the LTM exponentponent isy=0.01 (as in Sect4.1l) and the extreme events
a=0.72. are based on different thresholds providing the mean return

) o timesR,=10, 100, 100Q 10000. The total length of the time

4.1 Return time distributions series isN=10°. Note that this is two decades longer than
N=221~2.1.10° in Eichner et al. (2007). The sequence of
the return times is analyzed by detrended fluctuation anal-
ysis (DFA). Figure6 shows that the long-term correlation

. : ) o of the return times is described by a power-law fluctuation
is well approximated by a Weibull distribution. The 95% function F (n)~n® with «~0.72 independent of the thresh-

Fonf'denc‘? mterv:?ll (grgy shaded) is determined by Creatyid and the mean return time; the indexenumerates the
ing 1000 time series with the same parameters, T.h € Shap|%turn times. This corresponds to the power spectrum expo-
and SC"?"e_ parameters a;ve:O.Z_ and fjo‘?g* respectively. nentg~0.44 (using8=2«—1) and the correlation exponent
The validity of the power law fitp,~;"* with the exponent y~0.56. Thus the sequence of extreme events in time series

s=153, IS res_trlcted ta,_%_lo. .-500. The deviation fro.m near the 1f —limit shows distinctly weaker long-term corre-
s=1.5, which is the 1f limit of the stretched exponential, lation properties than the original time series.

might originate in either:

The distributionp, (¢) for the return times, is determined
for a threshold; related to a mean return tini, =100. The
analysis is analogous to Se8t2 The distribution (Fig4c)

www.nonlin-processes-geophys.net/15/557/2008/ Nonlin. Processes Geophys., 56553063
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5 Conclusions from Weibull by the absence of a prefactor) is likely to
be convenient for weak LTM.
This paper presents an analysis of the extreme event re- ) ]
turn time statistics for observed and simulated data with (i) The sequence of return times shows LTM with
1/f power spectra. The observed data is given by mea- £ (n)~n® with «~0.72 which is weaker than in the
surements of temperature and mixing ratio during TOGA-  original time series{=0.995). However, the correla-
COARE (November 1992—February 1993) at the research  tion C(n)~n~%%is still promising for the prediction of
vessel Kexue. In the time series of one minute resolution, 61 éturn imes.
days with low numbers of missing values are extracted. Bot
time series show a scaling power spectriity,)~ f ~#, with
B=1...1.2; the correlation exponent ifi(t)~¢~" is related
by y=1—p8. This result is determined by detrended fluctua-
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