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• Reconstruction of driving forces from nonstationary time-series including stationary regions.
• The new method derived in this study can produce very accurate results.
• The basic forcing periods of the northern hemispheric surface temperature coincide with Hale’s solar cycle and AMO.
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abstract
A new method based on cross-prediction errors is proposed for the rebuilding of the driving
forces exerting influence on nonstationary systems. This method can retrieve driving force
from nonlinear nonstationary time series including stationary regions. The numerical tests
show that the method is very accurate. Generally, the correlation coefficients between
the original and reconstructed driving force are larger than 0.96 for three commonly
used maps for single-species discrete chaotic ecosystems. By using the above method, we
reconstructed the driving force for an observed time series of the northern hemisphere
monthly mean surface air temperature anomalies. Wavelet transformation method is
applied to analyze the calculated driving forces. The results illustrated that the driving
forces are characterized by the Hale’s solar cycle and the Atlantic Multi-decadal Oscillation,
which are the two main separate degrees of freedom on the climate.
© 2017 Elsevier B.V. All rights reserved.

1. Introduction
Owing to the external perturbations of the system, most observational time series are nonstationary [1]. Additionally,
natural dynamics are so complex that they involve multiple time scales. Generally, the effective degrees of freedom
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interrelated with the largest time scale function as driving forces for the fastest changing observed modes during a short
observational time. Nonstationary time series analysis has been applied to natural systems like the Earth’s climate system,
heart rate in cardiology, ecosystem models [2–7]. Such non-stationarity can be modeled as external forces that slowly alter
the dynamics of a system [2,3,8].
In the last two decades, several methods have been proposed for estimating the driving-forces in nonstationary time
series analysis [1–3,8–13]. Recurrent plots are the earliest method to estimate driving forces for unfamiliar dynamics
systems [1,9,10,14]. However, such method may lead to large error. What is worse, it is not easy to restructure driving forces
from recurrence plots [1]. Güntürkün [13] has proposed a method with adaptive sequential realization of blind prediction
error to estimate the driving forces. A method of artificial neural networks (ANNs) is also used to analyze the dynamics and
reconstruct profile of the driving forces which are accountable for the nonstationary behavior [15]. Wiskott [8] has proposed
slow feature analysis, which allows to extract slowly varying signals from complex multidimensional time series [12,16,17].
A more accurate method are put forward by Verdes et al. [11], which is based on the calculating cross prediction errors from
two intervals of a time are series. In such method, radial basis function network is used to calculate the prediction errors
However, in real world, the nonstationary time series analysis may include stationary intervals, which cause cross-prediction
errors being close to zero, and tend to cause large relative errors for extracting driving-forces. In this study, we propose a
new method which can reconstruct driving forces exerting influence on nonlinear dynamical systems. This technique can
be used to handle driving-forces with stationary regions. The main idea is to find the stationary intervals by monitoring the
cross-prediction errors, thus the cross-prediction intervals can be suitably chosen to prevent zero cross-prediction errors to
occur. In addition, this method is used to reconstruct the driving force with regard to the air temperature of the northern
hemisphere. Wavelet transformation method is then utilized to examine the calculated driving force.
2. Theory
For a purely deterministic system, once its present states and driving forces are determined, the states of succeeding times
are fixed. For time series {yt }, we reconstruct its dynamics in a phase space of time lags. Therefore, a delay reconstruction
⃗t = (yt , yt −1 , . . . , yt −d+1 ) [18], where t is measured time. Now, yt +1 can be
with embedding dimension d is given by y
modeled by a function
yt +1 = f (⃗
yt , αt ) + εt ,

(1)

where εt is the residual noise and the parameter αt is the driving force acting on the system. By dividing {yt } into Nint
intervals of P points each, we obtain
(n)

(n)

yt +1 = f (⃗
yt , α (n) ),

(2)

where n = 1, 2, . . . , Nint , α (n) is the mean value of the driving forces αt in the n-the interval. Taking into account the
dependence of f on α , we obtain the prediction errors in the preceding interval m, which is based on the forecast model
adapted to the data of the subsequent interval, n,
(m)

(m)

yt +1 − f (⃗
yt

, α (n) ) =

∂ f (⃗y(t m) , α (n) )
1αnm ,
∂α

(3)

where m = 1, 2, . . . , Nint and 1αnm = α (m) − α (n) . By first-order approximation and after time averaging over the interval
m, we obtain
m
Ênm = Am
n × 1αn ,

(4)

(m)
∂ f (⃗yt ,α (n) )

(m)

(m)

⟩ and Enm = ⟨⃗yt +1 −f (⃗yt , α (n) )⟩ is the cross-prediction error. The angular brackets represent
where Am
n is equal to ⟨
∂α
time averaging. The reconstruction of driving force proceeds in the following three steps (see flowchart, Fig. 1).
Step A provides a predictor, polynomials of 2nd order are employed to model the function fˆ (⃗
yt , α (n) ), whose prediction
errors are used to calculate the driving forces:
fˆ (⃗
yt , α (n) ) = b0 +

d

i =1

bi yt −i+1 +

d 
i


bij yt −i+1 yt −j+1 ,

(5)

i=1 j=1

where bi and bij are determined from yt by least square method.
Step B estimates the cross-prediction error by the predictor. Two cross-prediction errors for the mth interval are obtained
by predictors calibrated in the intervals n and n + 1, respectively. That is, cross-prediction errors Ênm are estimated for the
predictor fˆ (•, α (n) ) of (5) in the interval n. Therefore, based on (5), we get
m
Ênm = Am
n × 1αn .

(6)
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Fig. 1. Flow chart of reconstructed driving forces from nonlinear nonstationary time series including stationary regions.

(m)

(m)

Now the interval n + 1 is introduced to obtain predictor fˆ (•, α (n+1) ) and the cross-prediction error yt +1 − fˆ (⃗
yt
estimated by
(m)

(m)

yt +1 − fˆ (⃗
yt

)
ˆ y(t m) , α (n) )] − [fˆ (⃗y(t m) , α (n+1) ) − fˆ (⃗y(t m) , α (n) )].
, α (n+1) ) = [y(t m
+1 − f (⃗

, α (n+1) )
(7)

By a first-order approximation and averaging over all t in the interval m, it yields
n
n+1
Ênm+1 = −Am
].
n [1αn−1 + 1αn

(8)

Step C derives the driving force. From the cross-prediction error (6) and (8), one obtains


1α

n +1
n

=

Ênm+1
Ênm


− 1 1αmn ,

(9)

n
where 1αm
is equal to α (n) − α (m) .
m
n +1
m
From the method of Verdes et al. [11], the subindex n in Am
n has been dropped (it is assumed that An = An+1 ), and 1αn
n

is equal to −

1αnn+1 = −

Ên+1
1 nn−1 .
Ênn−1
Ênn+1
Ênn−1

α

If the interval between n − 1 and n lies in the stationary region, Ênn−1 should be near zero and thus

m
1αnn−1 leads to large error. In the derivation of (9), this assumption of Am
n = An+1 is not used. Note that

the results of (9) can be extended directly to a previous point at n − r0 , just before the stationary region commences. This
strategy can be formulated as follows:

1αnn+1


 n−1
Ên+1



− 1 1αnn−1 ,

 Ê n−1
k

=  n −r
0

Ê

n +1
n


 n−r0 − 1 1αn−r0 ,
Ên







if Ênn−1  ≥ Eps
(10)





if Ênn−r 

n=1,2,...,r0 −1

The initial value of (10) is 1α12 = α (2) − α (1) = −

Ê21
A12





< Eps, and Ênn−r0  ≥ Eps.

, where α (1) = 0 and A12 are arbitrary constants. Therefore, scale

and offset of the estimated driving force are arbitrary. Without loss of generality, α (1) = 0 and A12 = 1 are assumed. The
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threshold Eps is set to 0.005. The reconstructed driving force is not sensitive Eps, if Eps is large enough. In the flow chart
of Fig. 1, the loop of n in the flowchart is used to obtain 1αnn+1 ; the loop of r is introduced to avoid cross-prediction errors
being close to zero, which is used to handle the driving-forces with stationary regions.

3. Application
In order to test the proposed algorithms in reconstruction of the driving forces of nonlinear dynamical systems, the
following three well-known single-species discrete chaotic ecosystems are considered:
yt +1 = µt yt (1 − yt ) Logistic map



yt +1 = yt exp 3.7 ×
yt +1 =

100yt

(1 + yt )βt


1−

yt

(11a)



Kt

Moran–Ricker map

(11b)

Hassell map.

(11c)

The parameter of µt , Kt and βt are derived to produce the time series with external force. For the three maps, a slowly
changing external force, in which a stationary piece is added, is acting on their dynamics,






2π t
2π t


exp −
+ Bα
Cα cos





T

 T

3000π
3000π
αt = Cα cos
exp −
+ Bα

T
T








2π (t − 1000)
2π (t − 1000)

Cα cos
exp −
+ Bα
T

T

(1 ≤ t ≤ 1500)
(1501 ≤ t ≤ 2500)

(12)

(2501 ≤ t ≤ 4000).

The constants of Cα and Bα provide the force strength and displacement, where α = µ, K and β denote the external forces
for the Logistic, Moran–Ricker and Hassell map, respectively. Specifically, we take Cµ = −0.045, Bµ = 3.8, Ck = −0.9, Bk =
1.0, Cβ = −2, and Bβ = 10; in addition, N = 40 000 and T = N2 . The non-overlapping intervals are N = PNint . In (12),
the driving force is stationary during 1501 ≤ t ≤ 2500. For the three maps the number of iterations with each interval
was fixed to P = 1000. The quadratic polynomials are used to model the maps and set the embedding dimension d = 1.
The original and reconstructed forces are normalized, so both have one standard deviation and zero mean. Fig. 2 shows the
comparisons between the original and reconstructed forces. In general, the proposed method provides very accurate results
in reconstructing driving forces with stationary regions. The correlation coefficients are 0.99995, 0.99681 and 0.97223 for
Logistic, Moran–Ricker and Hassell maps, respectively.
Finally, we present an application to the Northern Hemispheric mean surface air temperature time series xt , by using data
from the Climatic Research Unit, which consist of a sum of N = 1932 months from January 1850 to December 2010 (top
panel of Fig. 3). The proposed method is used to obtain the driving force with Nint = 1932 and P = 48 points (four years).
Fig. 3 shows the averaged results from the reconstructed driving force based on the embedding dimensions of d = 6, 7, 8.
Generally the climate change responds to many factors, such as volcanic aerosols, solar irradiance, greenhouse gas and ocean
variability etc. Therefore, the estimated driving force for surface air temperature change is expected to reflect the influence of
these factors. In order to understand the contributions from different physical processes, we use the Morlet wavelet function
as the mother wavelet to discuss the different time-scale structures of the driving force. In the Fig. 4 (top panel), the x-axis
is the time (in unit of year) and the y-axis is the timescale (in units of years). There are four period ranges of about 20,
50, 80 and 130 years. All of these scale components are modulated in frequency and amplitude with period and amplitude
changing with time. Fig. 4 (bottom panel) presents the average power spectrum, which illustrates the detailed characteristics
of each spectral band. We can clearly identify four different periods (in units of years): L1 = 21.1, L2 = 48.5, L3 = 78.8,
and L4 = 128, and the corresponding frequencies f1 = 0.047, f2 = 0.021, f3 = 0.013, and f4 = 0.008. The frequencies
of f2 and f4 can be expressed by f1 and f3 through f2 = f1 − 2f3 and f4 = f1 − 3f3 . This result shows that f2 and f4 are
harmonics of f1 and f3 . In addition, since the ratio of f1 /f3 = 3.6154 . . . . is an irrational number, these two frequencies are
independent. Therefore the driving force for the northern hemispheric surface temperature change are mainly characterized
by two periods of L1 and L3 . The period of L1 is found to be coincident with the 22-year Hale’s solar cycles. L3 is coincident
with the cycle of the Atlantic Multi-decadal Oscillation (AMO), which is featured with a wide scale spectrum from 50 to
80 years (e.g., [19–22]). L2 is close to the lower bound of the period range for AMO, which shows its association with L3 as
discussed above. The period of L4 is very long and there is no obvious physical event to be associated with it, by considering
the limited 161 year data length. The above conclusion about the driving forces of the Northern Hemispheric surface air
temperature is very similar to that obtained by the slow feature analysis method, which is another technique for extracting
slowly varying driving forces from a given nonstationary time series [8,12,16]. These completely different methods lead to
a similar conclusion, therefore the new proposed method is reliable.
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Fig. 2. Driving force for logistical, Moran–Ricker and Hassell map with stationary regions (see Eq. (11)) in driving forces (full line) and its reconstruction
(dashed line).

4. Summary

Estimating the external driving-forces from time series is a challenging topic. A new method is proposed for the
reconstruction of driving forces with stationary regions exerting influence on nonstationary systems. The main point is
to find the stationary intervals by monitoring the cross-prediction errors, thus the cross-prediction intervals can be suitably
chosen to prevent zero cross-prediction errors to occur. Numerical tests demonstrate that the method derived in this study
can produce very accurate results. Generally, the correlation coefficient between the original and reconstructed driving
forces are larger than 0.97 for the three commonly used maps. Moreover, application to the northern hemispheric surface
temperature time series shows that the basic forcing periods coincide with Hale’s solar cycle and AMO The advantage of
this method is to reconstruct driving forces directly from the observation data, and it does not need a mathematical model
to describe unknown dynamical systems. Different from the previous studies, this method can retrieve driving force from
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Fig. 3. The temperature time series analyzed (top panel) and its normalized driving force averaged in embedding dimensions d = 6, 7 and 8 (bottom
panel).

Fig. 4. Real part of the wavelet transform coefficient for the driving force (top panel); Power spectrum (logarithm of power versus period) of climate
driving force and periods of peaks in red (the bottom panel). (For interpretation of the references to color in this figure legend, the reader is referred to the
web version of this article.)

nonlinear nonstationary time series including stationary sections. Therefore, the results of the above methods could avoid
disputes owing to uncertainty of models. The shortcomings are that it does not provide the underlying physical mechanism.
The coding of this method is available from the authors upon request.
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