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ABSTRACT
This paper introduces a new approach for the initialization of ensemble numerical forecasting: Dynamic
Analogue Initialization (DAI). DAI assumes that the best model state trajectories for the past provide the
initial conditions for the best forecasts in the future. As such, DAI performs the ensemble forecast using
the best analogues from a full size ensemble. As a pilot study, the Lorenz63 and Lorenz96 models were used
to test DAI’s eﬀectiveness independently. Results showed that DAI can improve the forecast signiﬁcantly.
Especially in lower-dimensional systems, DAI can reduce the forecast RMSE by ∼50% compared to the
Monte Carlo forecast (MC). This improvement is because DAI is able to recognize the direction of the
analysis error through the embedding process and therefore selects those good trajectories with reduced
initial error. Meanwhile, a potential improvement of DAI is also proposed, and that is to ﬁnd the optimal
range of embedding time based on the error’s growing speed.
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1.

Introduction

Owing to the nonlinear chaotic nature of the
weather and climate system (Lorenz, 1963), it has long
been recognized that numerical forecasing of weather
and climate should be treated as a stochastic dynamic
forecast (Epstein, 1969). In practice, the stochastic
dynamic forecast is achieved approximately using an
ensemble forecast (Leith, 1974). Now, the ensemble
forecast has become operational in the weather forecast (Gneiting and Raftery, 2005; Buizza et al., 2005;
Zhu, 2005), and is also being tested for climate forecast at interannual (Kirtman et al., 2002; Zheng et
al., 2006, 2009; Zhang et al., 2008; Kirtman and Min,
2009) and decadal (Griﬃes and Bryan, 1997; Collins,
2002; Smith et al., 2007; Keenlyside et al., 2008; Zhang
et al., 2009; Meehl et al., 2010) time scales.
∗ Corresponding

One major challenge for ensemble forecasting is the
generation of the initial disturbance. The simplest
method of initialization is the Monte Carlo approach
(MC), with random perturbations superimposed onto
the observational analysis (Leith, 1974; Palmer, 1993;
Houtekamer and Derome, 1996). However, given a limited number of ensemble members, MC may not span
the initial uncertainty and therefore may not provide
the best forecast and forecast uncertainty. This has led
to the development of other methods of initialization,
most notably the bred-vector approach (BV) (Toth
and Kalnay, 1993, 1997; Wei et al., 2008) and the
singular-vector approach (SV) (Lorenz, 1965; Buizza
and Palmer, 1995; Molteni et al., 1996; Barkmeijer
et al., 1999), both of which are designed to capture
the fastest growing errors and therefore increase the
spread of the ensemble forecast to capture the truth.
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Here, we explore a new initialization scheme for ensemble forecasting: Dynamic Analogue Initialization
(DAI). DAI assumes, intuitively, that the best hindcast members of the past will also provide the best
forecasts for the future. As such, DAI selects the initial conditions as the best analogues from a full size
ensemble (FSE) of the hindcast initiated in the past.
The method is named as such because it is based on
the same principle as the natural analogue forecast
(Lorenz, 1969; Murray, 1993; Fraedrich and Ruckert,
1998; Langmack et al., 2012), except now the analogues are obtained from dynamic hindcasts, instead
of events in an historical analysis.
To fully test the method, two idealized models
were used: the simple three-variable Lorenz63 model
(Lorenz, 1963), and the multivariable Lorenz96 model
(Lorenz, 1996), with results from the MC forecasts
used as a benchmark for comparison. We found that
DAI works well in lower-dimensional systems, with
RMSE reduced signiﬁcantly from that of the MC forecast. Meanwhile, DAI also provided a good estimate of the forecast uncertainty. However, in higherdimensional systems, the range of the embedding time
was a crucial factor inﬂuencing DAI’s eﬀectiveness.
Overall, our study suggests that DAI may provide a
potentially useful scheme for ensemble forecasting.
The paper is arranged as follows. The DAI method
and its realization are schematically introduced in section 2. The simple Lorenz63 model is used to further
illuminate and test DAI in section 3. To demonstrate
DAI’s independence of models, an experiment using
the Lorenz96 model was performed and the results are
reported in section 4. In section 5, we discuss DAI’s
sensitivity to certain parameters, and then in the ﬁnal
section we present the conclusions of the study while
also highlighting some problems with the method that
need to be addressed in future work.
2.

DAI methodology and its realization

The DAI method can be explained as follows. For a
certain dynamical system, DAI assumes that the best
model state trajectories for the past provide the initial
conditions for the best forecasts in the future. Before

Dh (τ )|t0

the forecast start time (t0 = 0), a small period of time
(τ ) is embedded, which is referred to as the embedding
time. In the embedding time, the ensemble forecast is
carried out using MC initialization with a full size ensemble (FSE) integrated forward from t = t0 − τ to
t = t0 . At t0 , the performances of all the trajectories
during this embedding time window are evaluated individually, and the best η% ones are chosen. The state
vectors of these members at t0 form a new ensemble,
which is then used to make the ensemble forecast from
t0 to the future. The ensemble mean and ensemble
spread provide a benchmark ensemble forecast and the
forecast uncertainty, respectively.
Formally, a DAI forecast can be constructed as follows. i. At the initial time (t0 ), the initial condition
for the DAI ensemble is selected from the previous FSE
hindcast initiated at t0 − τ as the best analogues of the
analysis in the embedding time from t0 − τ to t0 (see
Fig. 1 for a schematic representation). ii. The DAI
forecast is performed with the DAI ensemble further
integrated for a veriﬁcation time of tf . iii. The ensemble mean and ensemble spread of the DAI forecast then
give the optimal forecast and forecast uncertainty. iv.
Finally, this DAI forecast is compared with the FSE
forecast starting at time t0 . In practice, however, it
is important to point out that the DAI ensemble and
the corresponding FSE are generated in a much simpler way: one only extends each FSE for an additional
time (τ ) after the veriﬁcation time of tf (with a total
integration time of τ + tf ), and DAI becomes purely
a post-processing process. This post-processing nature is an important feature of DAI and allows it to
be applied to an ensemble forecast of any initialization, providing a further improvement of the ensemble
forecast. For convenience, the FSEs starting at t0 and
t0 − τ will hereafter be referred to as the forecast FSE
and hindcast FSE, respectively (see Fig. 1).
The criterion for the analogue depends on the embedding time, as well as the deﬁnition of the analogue
measure. Here, unless otherwise speciﬁed, the analogue was measured as the RMS (root-mean-square)
between a member of the hindcast FSE (subscript “h”)
and the observational “analysis” (subscript “a”) during the embedding time as




0 
 1 t=t
2
2
2
[X1,h (t) − X1,a (t)] + [X2,h (t) − X2,a (t)] + · · · + [XK,h (t) − XK,a (t)] ,
=
K t=−τ

where K is the dimensional size. We selected the best
η% members with the least RMSs and formed a new
ensemble at t = t0 . As noted, the observational “analysis” here refers to the production of the processes of
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(1)

observation quality control and projection of the observations onto the model grid.
The concept of DAI resembles that in natural analogue forecasting (Lorenz, 1969; Fraedrich and Ruck-
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Fig. 1. Schematic ﬁgure illustrating the DAI scheme. Various trajectories during
the embedding time and the lead time are shown. The gray outlines are the envelop
members of the hindcast (starting at t0 −τ ) and forecast (stating at t0 ) FSEs. The
solid and dashed blue lines (largely symmetric to the analysis) are two members of
the hindcast FSE. The sign change of the analysis error during the embedding period
allows the embedding process to select the solid blue line as the DAI member, leading
to the DAI forecast as the red line. The magnitude of analysis error is marked as σ,
which is also comparable with the initial spreads of both the hindcast and forecast
FSEs. Since the analysis is on the positive side of the veriﬁcation, the positive (negative) direction is the “wrong” (“right”) direction with respect to the analysis at t0 .
Therefore, in the hindcast FSE, the solid (dashed) line is on the right (wrong) side
of the analysis, towards (away from) the truth.

ert, 1998; Langmack et al., 2012), except now the analogues are obtained from an ensemble of dynamical
hindcasts, instead of an historical analysis. As such,
the analogue selection process will also be referred
to as the (dynamical) embedding process, as in analogue forecasting (Murray, 1993; Fraedrich and Ruckert, 1998; McNames, 2002; Langmack et al., 2012).
3.

Lorenz63 model experiment

We ﬁrst used the three-variable Lorenz63 model to
demonstrate DAI by forming a simple comparison between the DAI and the MC schemes. Results showed
that DAI can improve the forecast accuracy by ∼50%,
with a good estimate of forecast uncertainty.
3.1

The Lorenz63 model and DAI

The Lorenz63 model (Lorenz, 1963) can be described as

⎧
dx
⎪
⎪
= α (y − x)
⎪
⎪
dt
⎪
⎪
⎨
dy
(2)
= γx − y − xz ,
⎪
dt
⎪
⎪
⎪
⎪
⎪
⎩ dz = xy − bz
dt
with the standard parameter values γ = 28, α = 10,
b = 8/3, at which the system exhibits the standard
Lorenz attractor of the well-known butterﬂy shape.
We ﬁrst carried out a standard experiment. This experiment contained 1000 forecasts, with their initial
times 0.1 apart (1 time unit = 4 days). The time
scheme used was the 4th order Runge-Kutta scheme,
with a time step of dt = 0.02 (about 2 hours). We
ﬁrst generated the truth in a long control simulation
of 100 time units. The observational “analysis” was
constructed by adding onto the truth a structured random error (εa = Qw) at each time step, where w is a
state vector with each component a random number of
Gaussian distribution with a unit standard deviation,
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and was

⎡
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⎢
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0
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0 ⎥
⎦ ,
1.16

the error covariance matrix, which was derived from
the EnKF data assimilation of the control (not shown),
but rescaled such that the sum of the square root of
the diagonal elements was three. Basically, it reﬂects
crudely the covariance of the Lorenz-63 system, with
x and y highly correlated, but z independent. Sensitivity experiments suggest, however, that our results
were independent of the structure of the analysis error
(not shown).
Additionally, there were some speciﬁc conﬁgurations. In preparation for the DAI forecast, each forecast was ﬁrst made with a FSE of 500 members, using
the MC initialization. The initial condition was generated with a random noise of Gaussian distribution
(with the sum of the variances equal to that of the
diagonal elements of the analysis error covariance matrix) superimposed onto the initial “analysis” of x, y
and z, independently, and the forecast was integrated
forward. The embedding time was not speciﬁcally assigned for two reasons. Firstly, the embedding time
was proved to be important in applying DAI in different models, as will be discussed in detail for the
sensitivity study in section5. Secondly, the DAI forecast was not very sensitive to the embedding time in

this low-dimensional model. In each forecast, the top
5% (about 25) members of the FSE were selected as
the analogues and formed a new DAI ensemble. The
ensemble mean and ensemble spread of the FSE provided a benchmark ensemble forecast and forecast uncertainty, respectively.
3.2

The DAI ensemble forecast

We will discuss the results of the DAI ensemble
forecast in the simple Lorenz63 model in terms of accuracy, consistency and skill-spread correlation.
3.2.1

Forecast accuracy

The DAI forecast was more accurate than the MC
forecast. Figure 2 shows the DAI forecast trajectories
(in x) and the corresponding MC FSE forecast. The
ensemble members of the hindcast (grey) and forecast (yellow) FSE ensembles are shown in the background. The forecast ensemble was initiated at t0 = 0
and the hindcast ensemble was started one embedding
time (τ = 0.4) earlier. The top 5% analogues in the
hindcast ensemble were selected as the DAI ensemble
members (blue). It can be seen that the DAI ensemble
mean forecast (red) followed the truth (black) reasonably well all the way to t ∼ 3, while the FSE ensemble mean forecast (green) approached its climatology
(zero), and therefore lost its predictability completely,
after t >1.8. In the later stage of t = 1.8 − 3, the DAI
members (blue) were mostly (∼80%) negative, as was
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Fig. 2. An example of DAI forecasting in the standard Lorenz63 experiment (for variable x). The
veriﬁcation is in bold black, while the ensemble mean forecasts for MC FSE and DAI are green and
red, respectively. Also shown as background are all ensemble members of the MC FSE hindcast
(initiated at −0.4, gray) and forecast (initiated at 0, yellow), each of 500 members, and of the DAI
ensemble (25 members, blue).
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(b) RMSE Ratio: (FSE−DAI)/FSE
0.6

8
0.4

6
4

0.2

2
0
0

MC−FSE
MC−DAI
0.5 1

1.5 2 2.5 3
Lead time
(c) Consistency

3.5 4

0
0

0.4

0.5 1

1.5 2 2.5 3 3.5 4
Lead time
(d) Skill−spread correlation

0.8
0.2
0.6
0

0.4

−0.2
−0.4
0

0.2
0.5 1

1.5 2 2.5 3
Lead time

3.5 4

0
0

0.5 1

1.5 2 2.5 3
Lead time

3.5 4

Fig. 3. The overall forecasts for FSEs (each 500 members), DAIs (each 25 members)
calculated as the average of 1000 forecast experiments in the Lorenz63 model. (An
embedding time of 0.2 is used in DAI). (a) Forecast RMSEs; (b) the (reduced) RMSE
ratio by DAI calculated as (FSE–DAI)/FSE; (c) the consistency (Cconsistency ) calculated as (Sspread –RRMSE )/RRMSE ; (d) the forecast skill-spread correlation between
the ensemble spread and the RMSE.

the truth, while the FSE members (yellow) were about
half negative and half positive. In addition, the ensemble spread was smaller in DAI than in FSE throughout
the forecast, implying a reduced forecast uncertainty,
or increased precision. This is a typical example showing the increased accuracy and precision of the DAI
forecast relative to the corresponding MC FSE forecast.
Quantitatively, DAI improved the forecast skill signiﬁcantly over the MC forecast. The accuracy for the
forecast starting at t0 after a veriﬁcation time tf was
measured in terms of the RMSE between the ensemble mean forecast and the truth averaged for the 1000
forecasts. The overall improvement of the forecast skill
by DAI over FSE can be seen in Fig. 3. Figure 3a compares the RMSEs of both the DAI (top 5% analogues
based on an embedding time of τ = 0.2) and FSE
forecasts as a function of the lead time. As a benchmark, the MC FSE forecast (solid black) shows that
the RMSE reached half and full saturation at t ∼ 1 and
∼2, respectively. In comparison, the RMSE of the MC
DAI forecast (solid red) grew much more slowly, with

the half and full saturation times extended by about
50% to over ∼1.5 and ∼3, respectively. The improved
forecast accuracy can also be seen in Fig. 3b in the
reduced RMSE ratios, calculated as the ratio of the
RMSE diﬀerence between the DAI and FSE and the
RMSE of FSE. The RMSE was reduced by ∼50% in
the early stage of the forecast (t <1), and therefore it
can be concluded that DAI improved the forecast skill
signiﬁcantly over the MC FSE.
The reduced RMSE in DAI was found to be highly
signiﬁcant in a Monte Carlo test in which the ensemble
mean forecast of subsets of 25 random members of the
hindcast FSE were used: the DAI RMSE was well below the 2σ level of the random subsets (not shown). In
other words, in the hindcast FSE, DAI represented the
top few percent of the best subset for the forecast. The
test results were consistent with Meehl et al. (2010),
who carried out a decadal-scale prediction study of Paciﬁc climate variability using a hindcast FSE in a fully
coupled ocean-atmosphere GCM. They showed that,
within a MC hindcast ensemble (thirty members), the
subset selected by DAI (nine members, or top 30%)
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provided the best forecast accuracy and precision. Finally, the improved level of forecasting was also seen
in the statistics of the ensemble members. The RMSE
for individual forecasts was reduced in DAI compared
to FSE in over 80% of the 1000 forecasts (not shown).
3.2.2 Forecast consistency
The DAI forecast could also provide a good estimate of the forecast uncertainty. The ensemble spread
is an important indication of the consistency of the
ensemble forecast, i.e. the extent to which the truth
falls into the ensemble (Anderson, 1997). One may
speculate that the smaller size of ensemble members
in DAI would lead to too narrow a spread such that
the DAI ensemble may not contain the DAI ensemble mean forecast as well as in FSE. However, this is
not the case, because the spread is reduced roughly
proportionally to the reduced forecast error, as seen
in the results described below. For convenience, we
measured the consistency of an ensemble forecast as:
Cconsistency =

Sspread − RRMSE
.
RRMSE

(3)

A positive and negative Cconsistency indicate too large
and too narrow a spread, respectively. Therefore, a
forecast scheme with a small (absolute) magnitude of
Cconsistency is more consistent, because the ensemble
mean forecast tends to fall into the ensemble spread
and the ensemble spread is not excessively large. Figure 3c plots the consistency as a function of the lead
time. The DAI (red solid) and FSE (black solid) both
had a small Cconsistency (∼0–0.1). Indeed, the magnitude of the spread of DAI is reduced from that of FSE
roughly proportional to the reduction of RMSE, such
that DAI and FSE had a comparable consistency. Furthermore, the ensemble member statistics shows that
the truth is covered in the DAI ensemble in over 95%
of members, almost comparable with that in FSE (in
spite of only 5% of members in the former).
3.2.3
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Skill-spread correlation

With a higher skill-spread correlation, Ccor , DAI is
more likely to make a reliable ensemble forecast. The
skill-spread correlation, calculated as the correlation
between the ensemble mean forecast RMSE and the
ensemble spread for the 1000 forecasts, is another important measure of the quality of a forecast scheme
(Fraedrich and Ziehmann-Schlumbohm, 1994; Anderson, 1997; Hamill et al., 2000). A high correlation
implies a higher likelihood of prediction of the forecast accuracy from the forecast spread, the former being unpredictable while the latter predictable in an
ensemble forecast. Figure 3d shows that DAI (red
solid) generally improved the skill-spread correlation

over MC FSE (black solid) for all lead times. The
improvement was most dramatic in the initial stage
(t < 0.5) because the correlation of FSE started from
zero initially. This initial zero correlation in FSE was
the direct result of the MC initialization, because the
initial condition for each forecast was given randomly
with no dynamics involved, and therefore there was no
correlation between the RMSE and the spread (Anderson, 1997). In DAI, however, the initial condition
had already experienced the model dynamics for an
embedding time, and therefore the RMSE and spread
was dynamically correlated.
3.3

The mechanism of DAI

So why is DAI able to improve upon the MC forecast? Figure 3b shows that the RMSE was reduced
initially by over 50% in DAI compared to FSE. This
suggests that DAI improves the forecast through a reduction of the initial error. The reason that DAI can
reduce the initial error is that its embedding process
tends to recognize the “sign” or “direction” of the analysis error and, in turn, tends to ﬁlter out those “bad”
ensemble members on the “wrong side” of the analysis. This is shown schematically in Fig. 1. Hereafter,
the “wrong” (“right”) direction or side is deﬁned as
that away from (towards) the truth with respect to
the analysis. Since the analysis error is random with
time, the analysis value at the moment t0 − τ alone
does not give any information on the direction of the
error. Therefore, one is forced to use the MC approach with possible initial perturbations in all directions (both positive and negative directions in Fig. 1)
(grey ensemble envelop in Fig. 1). The MC ensemble
members thus derived contained many “bad” perturbations that were on the wrong side of the analysis
(positive side in Fig. 2, dashed lines), including those
with errors growing rapidly in the “wrong direction”
(the positive dash envelop trajectory in Fig. 2). These
bad trajectories inevitably contaminated the accuracy
of the FSE forecast.
The embedding process enables DAI to ﬁlter out
those bad trajectories and, in turn, to reduce the initial
error. Since the analysis error is random with time, the
analysis trajectory tends to follow the truth on all sides
randomly in a suﬃciently long embedding time (both
positive and negative errors, as in Fig. 1). Meanwhile,
a good analogue trajectory should follow the analysis
on all sides randomly during the embedding time, because it is selected in the least square sense. Therefore,
a good trajectory is likely to be on the right side of
the analysis (solid blue line in Fig. 1). In other words,
DAI excludes those bad trajectories on the wrong side
of the analysis (dashed lines in Fig. 1). Furthermore,
the DAI ensemble also tends to maintain the trajecto-
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ries of slow-growing errors during the embedding time,
because of the ﬁltering of fast-growing errors by the
embedding process. Both the reduced initial error and
the ﬁltering of fast growing errors allow the DAI trajectories to remain close to the truth throughout the
embedding time, reducing the initial error and spread
at the initial and, in turn, future forecast. The discussion above shows one important advantage of DAI
over some other schemes such as MC, BV and SV:
DAI recognizes the “sign” (or direction) of the analysis error while the others are concerned mainly with
the magnitude, instead of the sign, of the error.
4.

Lorenz96 model experiment

We also performed an experiment of DAI in the
Lorenz96 model to demonstrate its independence of
models. It could be argued that the Lorenz63 experiment was not suﬃcient to demonstrate the capabilities of DAI, because the real atmosphere is highdimensional and has a high degree of freedom, and
the simple three-variable Lorenz63 model may be too
idealized in this sense. Therefore, another experiment using Lorenz96 model (Lorenz, 1996; Lorenz and
Emanuel, 1998) was performed to assess the eﬀectiveness if DAI with an increase in the model dimension.
In short, the results from the Lorenz96 experiment
were found to be consistent with those of the Lorenz63
experiment. Besides, the optimal embedding time is
found to be important in DAI, which will be discussed
further when describing the sensitivity study in section
5.
4.1

Experimental design

The Lorenz96 model is a one-dimensional atmospheric model proposed by Lorenz in 1996 (Lorenz,
1996; Lorenz and Emanuel, 1998):
dxk
= −xk−2 xk−1 + xk−1 xk+1 − xk + F
.
dt
xk−K = xk , xk+K = xk

(4)

It consists of K governing equations with K variables, where the value of K could change with needs.
These K variables could represent one atmospheric
state quantity in K sections spaced around a latitude
circle (Lorenz, 1996; Lorenz and Emanuel, 1998). F
is a constant representing the degree of forcing. When
F is small, the system is stable, and as time proceeds,
all the variables decay to a stable value, F . When
F gets lager, the solution becomes periodic (Lorenz,
1996; Lorenz and Emanuel, 1998). When F gets
larger again, the system becomes a chaotic one and
is strongly inﬂuenced by nonlinearity (Lorenz, 1996;
Lorenz and Emanuel, 1998).
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We performed DAI under diﬀerent dimensions
[K (5, 10. . . 40)] in the Lorenz96 equations. When
the number of variables becomes larger, the dimension number of the system becomes higher, the degree
of freedom of the system is higher, and the system
thus becomes more complicated. We had eight models in total representing diﬀerent dimensional atmospheric systems to test DAI, and each test contained
1000 forecasts. The time scheme used was the 4th order Runge-Kutta scheme. We used the time step of
dt = 0.01 to make the numerical computation more
stable. Simultaneously, the initial time interval was
also reduced to half of that in the Lorenz63 experiment, i.e. 0.05. The embedding time was not speciﬁcally assigned here, because we found it important to
choose an optimal embedding time in diﬀerent models,
as will be discussed later. The observational error was
randomly chosen in a Gaussian distribution with zero
mean and a standard deviation of 0.2. The top 5% of
500 FSE members were selected as the new DAI ensemble. The result of the DAI forecast was compared
with that of the MC forecast.
4.2

Ensemble forecast results

To measure the accuracy, consistency and the probability of prediction from the ensemble spread of the
ensemble forecast, as in Lorenz63 experiment, we still
used RMSE or reduced RMSE ratio, Cconsistency and
skill-spread correlation, respectively.
4.2.1

Forecast accuracy

As expected, DAI worked well in the Lorenz96
model, especially in lower-dimensional systems. In this
test, we found that an optimal embedding time existed in each model. When the dimension of the model
became higher, this optimal embedding time became
smaller. With the conﬁguration of optimal embedding
time, DAI was able to improve the forecast by over
35% in lower-dimensional systems and about 5% in
higher-dimensional systems (Figs. 4a and b).
4.2.2

Forecast uncertainty

The consistency of DAI was comparable with
that of MC. From Fig. 4c, we can see that DAI’s
Cconsistency was larger than MC’s in low-dimensional
systems, meaning fewer ensemble members were
needed. Therefore, we can reduce the ensemble size in
low-dimensional systems to on the one hand maintain
the consistency, and on the other make the selection
process much stricter to make more accurate forecasts
(the sensitivity of DAI to the number of top analogues
is speciﬁcally discussed later, in section 5.3).
Simultaneously, within expectations, the skillspread correlation of the DAI forecast was higher than
that of the MC forecast in both lower and higher di-
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Fig. 4. The overall forecasts for FSEs (each 500 members), DAIs (each 25 members) calculated as the average of 1000 forecast experiments in the Lorenz96 model. (a) Forecast
RMSEs; (b) the (reduced) RMSE ratio by DAI calculated as (FSE–DAI)/FSE; (c) the
consistency (Cconsistency ) calculated as (Sspread –RRMSE )/RRMSE ; (d) the forecast skillspread correlation between the ensemble spread and the RMSE. In (a), (c) and (d), the
solid lines are for the ﬁve-variable Lorenz96 model (embedding time is 0.2 for DAI), with
the black solid lines for the MC forecast, and the red solid lines for the DAI forecast. The
dashed lines are for the 40-variable Lorenz96 model (embedding time is 0.05 for DAI),
with the black solid lines for the MC forecast, and the red solid lines for the DAI forecast.

mensional systems, especially in the beginning period
of forecast (Fig. 4d). The reason for this has already
been discussed in detail for the Lorenz63 model; that
is, in the initial period, the ensemble members are dynamically selected in the DAI forecast, instead of generated randomly as they are in the MC forecast.
Therefore, in terms of uncertainty, the comparison
result was also consistent with that in the Lorenz63
model.
5.

Sensitivity studies

In this section we examine the sensitivity of DAI
to various parameters, including the embedding time,
external forcing [F in Eq. (4)] and analogue size. We
will only show the result for the Lorenz96 model, be-

cause the result of the Lorenz63 model is included in
the result of the low-dimensional Lorenz96 model.
5.1
5.1.1

Embedding time
Optimal embedding time

Through the Lorenz96 experiment, we found that
the embedding time is an important factor inﬂuencing the eﬀectiveness of DAI. When F equals 8, the
Lorenz96 model displayed strong nonlinearity. As we
can see from Fig. 5, in low-dimensional systems, when
the embedding time was reduced from 10 time steps to
0, the RMSE ratio decreased drastically. However, in
higher-dimensional systems, with decreasing embedding time, the reduced RMSE ratio turned from negative to positive, indicating that DAI works better in
forecasts with less embedding time in higher-dimen-
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(a) RMSE ratio
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sional systems. Also, we can see clearly from the
ﬁgure that an optimal embedding time exited for each
diﬀerent model. In higher-dimensional systems, this
optimal embedding time became increasingly crucial
in that it decided whether DAI worked or not.
So why is DAI so sensitive to the range of the embedding time? We suggest that it may be related to
the error growth rate of the model itself.
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5.1.2 Error growth rate
We found that the assumption of forecast continuity is stronger in low-dimensional systems. Since DAI
is based on the idea of natural analogue forecasting
(Lorenz, 1969; Murray, 1993; Fraedrich and Ruckert,
1998; Langmack et al., 2012), and all the work comes
from its assumption that the best model state trajectories for the past provide the initial conditions for the
best forecasts in the future, a test was also made on
its assumption. In this test, the error rank’s lag autocorrelation of the diﬀerent dimensional systems was
plotted, as shown in Fig. 6 [here, F = 8 in Eq. (4)].
As we can see from the ﬁgure, when the dimension of
the equation exceeded 5, the lag autocorrelation of the
error’s rank dropped to a very low value signiﬁcantly.
Therefore, the assumption that the best initial condition in the past provides the best forecast for the future
tends to be weaker in higher-dimensional systems.
The error growth rate is a good indication of the
forecast continuity and decides the optimal embedding
time. We found that the error growth rate has an inﬂuence on the results of the DAI ensemble forecast.
We used the leading Lyapunov exponent (λ1 ) [Wolf et
al., 1985; the calculation code was provided by Govorukhin, 2004] to measure the error growth rate: the
system’s error doubling time is inversely proportional
to λ1 (Lorenz, 1996), i.e., when λ1 is higher, the error
in the system tends to grow faster. Values of λ1 for
diﬀerent systems can be seen in Table 1. By and large,
as the dimension became higher, λ1 got larger, corresponding with a larger error growth rate. The growth
rate could impact the selection during the embedding
time. As we know, the error of the forecast is determined by the combination of initial error and the error
growth rate of the system, in the form of
E (t) = E (0) eλt ,

0.4

10

20
30
Dimension

VOL. 30

40

Fig. 5. Sensitivity of DAI to the embedding time. Final
results are the average of 1000 forecasts. F =8, and the
top analogue is 5% for DAI. (a) Reduced RMSE ratio
of DAI from MC; (b) Cconsistency ; (c) skill-spread correlation. In (b) and (c), black solid lines are for the FSE
MC forecast, while red solid lines are for the MC-DAI
forecast.

(5)

(provided that the divergence can be treated within
the linearized approximation) (Lorenz, 1996; Wolf et
al., 1985; Cencini et al., 2010), in which E(t) donates
the information of the forecast error at the lead time
(t), E(0) donates the information of the error of the
initial condition, and the Lyapunov exponent, λ, donates the error growth rate of the system. Actually,
in the DAI forecast, at t = 0, the initial conditions
for the new ensemble included the information of both
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Error rank’s lag correlation
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Fig. 6. The error rank’s autocorrelation of diﬀerent dimensional
Lorenz96 models. In low-dimensional systems, the assumption of DAI
is stronger.
Table 1. The leading Lyapunov exponents under diﬀerent values of F and under diﬀerent dimensional Lorenz96 models.
The calculation method can be referred to in Wolf et al. (1985). The code was provided by Govorukhin (2004).
F
2
4
6
8

Dimension
5

10

15

20

25

30

35

40

−0.43
−0.38
1.13
1.19

−0.37
−0.34
0.80
1.26

−0.30
−0.37
0.97
1.51

−0.31
−0.23
0.96
1.63

−0.30
0.48
1.03
1.63

−0.30
0.48
1.06
1.60

−0.29
0.44
1.09
1.73

−0.27
0.47
1.11
1.62

the initial error of the hindcast and the error growth
during the embedding time in the form of
E (0) = E (−τ ) eλt .

(6)

Those two signals were mixed and together inﬂuenced
the initial condition of the new ensemble.
An optimal embedding time is needed to make the
two signals balance. In low-dimensional systems, the
error growth rate is small, and the initial error information can be saved for a long time, and the information coming from the error growth is deﬁcient compared with that of the initial error. Therefore, a long
embedding time is necessary to make the error growth
information expand to balance the information of the
initial error. However, in higher-dimensional systems,
the error grows much faster. Therefore, at the ini-

tial time (t = 0), the information of the error growth
overtakes that of the truly initial conditions at the beginning of the embedding time. Therefore we had to
reduce the embedding time to make the two sources of
information balance at an appropriate ratio (Fig. 5).
5.2

External forcing

In this sensitivity study, we ﬁxed the embedding
time and the analogue size, and changed the external
forcing [F in Eq. (4)] from 2 to 8. In the Lorenz96
model, the value of F is a factor controlling the external forcing. A smaller value of F means that the
system is more stable, and after a period of time all the
variables in the model decay to a stable value, F . A
larger value of F represents stronger external forcing,
that the system is chaotic, and the system is strongly
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inﬂuenced by nonlinearity.
When the external forcing is large, DAI tended to
be less eﬀective. As shown in Fig. 7a, when the value
of F rose from 2 to 8, the system changed from stable to very chaotic, and the reduced RMSE ratios of
all the forecasts tended to be smaller, especially in
higher-dimensional systems. This is because when F
gets larger, the error of the initial condition tends to
be growing faster (Table 1). Consequently, in the embedding process, the information of the error growth
is so overwhelming that the information of the truly
initial error is given too less a weight. The embedding process thus becomes less eﬀective. Besides, the
inﬂuence of the consistency was very small (Fig. 7b).
However, for the skill-spread correlation, when F got
larger, all correlation seemed to get higher. This is
because when F is larger, the covariance between each
variable became higher (not shown), even though it
was still much lower than that in the Lorenz63 model.
Therefore, the evolution of the variables is more related to each other, and this relation may have a positive eﬀect on the skill-spread correlation. Meanwhile,
as noted, the correlation of the DAI forecast was still
higher than that of the MC forecast (Fig. 7c).
The top analogue size

4

5.3

3

In this section we examine the eﬀect of the size of
the DAI ensemble. Figure 8 shows the ﬁve DAI forecasts using the top 1%, 2%, 5%, 10% and 20% analogues in the standard experiment of the 500-member
MC-FSE; the embedding time was 0.2 for DAI.
As can be seen from Fig. 8a, the RMSE was largely
reduced when the embedding process became more selective. Especially in the lower-dimensional Lorenz96
model, when the top analogues decreased from 20%
to 1%, the reduced RMSE ratio of DAI from MC increased from about 15% to over 45%, meaning the
forecast was largely improved by DAI. Similarly, in
the higher-dimensional Lorenz96 model, this improvement was also signiﬁcant. However, it is noted that
in higher-dimensional systems, there existed a reverse
trend in the reduced RMSE ratio when the top analogues were reduced from about 2% to 1%. This is because, when the dimension number becomes very high,
it is hard to use too few ensemble members to represent
the probability distribution of the truth. The spread
of the ensemble is too small that the ensemble may fail
to involve the truth.
The change in consistency was less obvious
(Fig. 8b). In lower-dimensional systems, the value of
Cconsistency was still very large, but reasonable, since
the selection process can be stricter to reduce the
spread while, at the same time, improve the forecast
accuracy. However, in higher-dimensional Lorenz96
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(c) Skill−spread correlation
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Fig. 7. Sensitivity of DAI to the value of F in the
Lorenz96 model. Final results are the average of 1000
forecasts. Embedding time in DAI is 0.2. (a) Reduced
RMSE ratio of DAI from MC; (b) Cconsistency ; (c) skillspread correlation. In (b) and (c), black solid lines are
for the FSE MC forecast, while red solid lines are for the
MC-DAI forecast.
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models, the inﬂuence of the stricter selection became
large. In the 40-variable Loernz96 model, when the
top analogues were reduced to 1%, Cconsistency turned
negative immediately, meaning the ensemble size was
too small. This was consistent with the change of reduced RMSE ratio in Fig. 8a.
In terms of the skill-spread correlation (Fig. 8c),
the inﬂuence of the top analogues was also very small,
with almost all the values of the skill-spread correlation of the DAI forecast emerging as greater than 0.4,
higher than those of the MC forecast. When the top
analogue size was reduced, the skill-spread correlation
tended to decrease. This was more obvious when the
top analogue size was lower than 5%. Firstly, when
the top analogues percentage was high, the embedding process in the DAI forecast was more likely to
capture the structure of the errors, and thus provided
an appropriate uncertainty. Secondly, the higher Ccor
in DAI was more attributed to the initial high Ccor ,
which is very important in forecasting in that it determines initially whether we can provide reliable forecasts in the future.
6.
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Fig. 8. Sensitivity of DAI to the top analogues. Final
results are the average of 1000 forecasts. F = 8. Embedding time for DAI is 0.2. (a) Reduced RMSE ratio
of DAI from MC; (b) Cconsistency ; (c) skill-spread correlation. In (b) and (c), black solid lines are for the FSE
MC forecast, while red solid lines are for the MC-DAI
forecast.

Discussion and conclusions

In the work reported in this paper, the DAI
approach was studied systematically in both the
Lorenz63 and Lorenz96 models as a new initialization
scheme for ensemble forecasting. In a dynamic model,
DAI assumes that the state trajectories that best simulate the past should provide the best forecasts for the
future. As such, DAI performs ensemble forecast using the best analogues from a hindcast FSE. Relative
to a MC FSE forecast, DAI was shown to improve the
forecast accuracy while maintaining a good estimate
of the forecast uncertainty. The improved accuracy is
due to the reduction of the initial error which, in turn,
is attributed to the recognition of the direction of the
analysis error through the embedding process.
In comparison with the MC initialization, DAI improves the forecast skill signiﬁcantly. Furthermore,
DAI has the advantage of being essentially a postprocessing scheme and therefore can be applied after
any ensemble forecast available. Thus, DAI can be
used in a FSE of any initialization scheme, eﬀectively
providing a further improvement of the ensemble forecast.
The most important reason that DAI improves the
forecast is its capability to recognize the “direction”
of the analysis error, which is assumed to be random
around the truth. As demonstrated in Fig. 1, the embedding process enables DAI to ﬁlter out those bad
trajectories that are away from the truth, and consequently reduce the initial error.
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Speciﬁc sensitivity studies were carried out on some
key parameters. Firstly, an optimal embedding time
was found to exit for the Lorenz96 model to keep a
balance between the information of truly initial error
of the FSE and that of the error growth. When the
nonlinearity of the model became stronger, the error
grew faster. In this case we must reduce the information associated with the error growth in the selection
by reducing the embedding time, which is a hint toward the problems associated with error growth. In an
ensemble forecast, when we decide whether a member
is good or bad, it is dangerous to either focus on the
current error or simply focus on its previous behavior.
How to keep a balance depends on the error growth
rate of the model itself. Systems of diﬀerent scales
have diﬀerent predictabilities, and by studying their
predictabilities, we can decide which one to pay more
attention to. Secondly, when the external forcing gets
larger, the system becomes more chaotic, and DAI becomes less eﬀective because of the fast error growth.
Thirdly, DAI is very sensitive to the analogue size such
that when the embedding process becomes more selective, the DAI forecast is more eﬃcient. This makes it
possible to use only a few members to make more accurate and reliable forecasts. This is very helpful since
it could reduce the computation burden.
However, there still exist some problems with the
application of DAI in real climate or weather forecasting models. Even though we can improve the
forecast by seeking the optimal embedding time and
reducing the top analogue size, we cannot escape
from dimension-related problems. When the dimension number increases, DAI becomes less eﬃcient. A
higher-dimensional system requires a larger ensemble size to cover its probability distribution function
(PDF). Just like in a particle ﬁlter (Snyder et al., 2008;
Leeuwen, 2009), after a long time, the member that is
closest to the analysis tends to occupy an exceedingly
large weight close to one, while the weights of others are close to zero. Consequently, the information
carried with the other members is lost. However, in
DAI, this “ﬁlter degeneracy” is accomplished by distributing the weights averagely to several of the best
members. Therefore, in this case, DAI inevitably requests a skill to decrease the dimension of the system,
like the empirical orthogonal function (EOF) analysis
(Meehl et al., 2010). Through the use of EOF analysis, several main patterns which could represent the
main features of a problem are used to make forecast.
In this way, the dimension of the model is largely reduced. This may be the most challenging part of DAI.
Accordingly, future work will focus on the application
of DAI in dimension-reduced systems, as well as on
methods of reducing dimensions for DAI.
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We propose that DAI may be used to improve the
operational forecasting of weather and climate in the
near future, especially for forecasts of the climate and
long term memory processes in general (see Zhu et
al., 2010), DAI may be suitable, since one would have
suﬃcient time to make a large number of long FSE
forecasts (Meehl et al., 2010). This is because the ensemble size for FSE is not excessive, especially considering the future potential of massive parallel computing. Our preliminary study on the two models reported here, along with the study of Meehl et al. (2010)
in a fully coupled climate model, suggest that a FSE
size in the order of dozens may be suﬃcient to make
signiﬁcant forecast improvements. Furthermore, since
in higher dimensional system, the optimal embedding
time is becoming shorter, the integration time of the
FSE is largely reduced, and the computation is further
relieved.
Most challenging may be the application of DAI
in real coupled climate models. It should be noted
that the eﬀectiveness of DAI, in some sense, varies
for diﬀerent climate applications. The optimal embedding time is very important. When the error growth
rate is large, the embedding time should be shortened
to reduce the portion of the information of the error
growth. However, in the coupled climate model, there
are model components of diﬀerent time scales. Real
coupled climate models must include many subscale
processes and many types of weather noise. Errors in
these systems may grow very fast. We should choose
carefully the embedding time, and the criterion of analogue may further consider the portion of inﬂuence
of diﬀerent time scales. Nevertheless, the example of
Meehl et al. (2010) suggests that even in a fully coupled climate model, DAI is able to provide an optimal
subset of ensemble members within the MC hindcast
FSE ensemble. This seems to give some hope in the
application of DAI in coupled climate models.
We will also continue to explore the possibility of
the application of DAI in data assimilation. For one
thing, DAI can absorb the observation information
and eﬀectively combine it with the information of the
model ensemble, which is the essence of data assimilation. For another, DAI can recognize the direction of
the error, and reduce the forecast error signiﬁcantly,
especially at the beginning of the forecast. This enables the ensemble to better capture the truth. At
the same time, DAI could also provide the forecast of
the uncertainty that is consistent with the error of the
ensemble forecast. Also, DAI is easier to understand
and realize. These positive features of DAI seem to
be desired advantages in a data assimilation method
in weather and climate forecasting. However, there
are many problems to solve and more experiments to
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conduct in order to test DAI’s stability and competitiveness.
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