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Abstract. The time behavior of a coupled, parity-conserving, two-dimensional system of gradient type,
perturbed by a Wiener process and forced by an external periodic component added to one of the two
state variables, is here studied. Minimum energy paths joining stable steady states are estimated using
the string method. The system is found to exhibit stochastic resonance behavior with unexpected large
amplification, compared with the classical one-dimensional case, for values of the coupling constant ranging
between −1 and 0. The mechanism seems to survive also when the system is not strictly of gradient type (a
perturbative rotational component does not affect the occurrence of the stochastic amplification). Finally,
the implications of the present analysis on the stochastic climate model, originally developed to explain
ice ages transitions, are addressed.

1 Introduction
A mechanical system in vacuum is described by its Lagrangian. When the body is moving in a medium, we must add
to the conservative forces both the resistance and the thermodynamic fluctuations of the medium. If the inertia of the
system is small compared with the resistive forces, the equations of motion are those of a stochastic system of gradient
type, i.e. the velocity field is just minus the gradient of the potential. Now let us suppose that the state of no motion
becomes unstable1 , reflecting some unbalance of the forces acting on the system; then, any small perturbation would
drive the system to an infinite energy. In order to prevent such an unphysical outcome, the potential describing the
conservative forces must contain higher-order, bounding terms as a function of the position of each individual particle.
The energy is, then, limited from above and hence the maximum energy achievable by the system remains finite.
In general, the potential, which is a function of the position, may be expressed by any power of the position vector,
although some restrictions are imposed by the underlying symmetries of the mechanical system. Let us suppose, as
we will do in this paper, that the system is both invariant for parity and for a simultaneous rotation of 180 degrees of
the coordinate axes. Under these assumptions, it follows that the power expansion of the potential must be an even
function of the coordinates.
Now, consider N of these identical, small inertia, interacting particles moving in an isotropic medium. Let us also
assume that the origin of the N -dimensional space spanned by these, i.e. the rest state, is unstable with respect to
any perturbation. We are interested in studying the behavior of such a system when a particular particle is subjected
to an additional external periodic force.
If N = 1, and limiting the potential to the forth-order expansion, we know from [3] that for a given intensity of
the thermal bath a resonance mechanism occurs for values of the amplitude of the periodic force smaller than the
activation energy (i.e., the work done by the conservative forces to overcome the potential barrier): this is the so-called
“stochastic resonance” mechanism. The literature on this topic is so vast that even a limited number of citations would
result in an unwanted negligence of equally important contributions on the subject. Therefore, here we do not attempt
to compile such a list.
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The aim of the present paper is to investigate whether by adding another “interacting” degree of freedom (N = 2),
the system behavior, as a function of the interaction coefficient, is modified and how. In particular, the question is
addressed as follows. Suppose that a given amplitude of the periodic force and the variance of the perturbing stochastic
Wiener process, both applied to a single degree of freedom, satisfy the requirements for the occurrence of the stochastic
resonance. By adding another interacting degree of freedom, we look for values of the amplitude of the periodic force
and of the coupling coefficient that give rise to the stochastic resonance phenomenon even in this case. Along this line
of research, we mention the contributions by Gandhimathi et al. [4] and Fang and Liu [5] where a similar problem was
addressed. Along the text we will discuss how such efforts differ from the present analysis.
In sect. 2 the model equations are introduced as well as the steady states, their stability, and the string method
used to determine the minimum energy path to move from one stable state to another. In sect. 3, model solutions for
different values of the coupling coefficient and of the amplitude of the periodic force leading to the stochastic resonance
are presented. In sect. 4 the robustness of the main findings is illustrated with respect to a system close to the one of
gradient type. Some conclusions and speculations are offered in the final section.

2 The model
2.1 Model equations
Let us consider the following two-dimensional dynamical system:
!
dxa = [fa (xa , xb ) + Af cos(ω t)]dt + ε1/2
a dw,
1/2

dxb = fb (xa , xb )dt + εb dw,

(1)

where x(·) and f(·) denote the degrees of freedom and the vector field acting on it, respectively; Af , ω, t, ε are amplitude
and frequency of the external force, time, and intensity (variance) of the Wiener process w.
The vector field f is of gradient type if its rotor is zero, i.e.,
∂
∂
fa −
fb = 0.
∂xb
∂xa

(2)

The dynamics of system (1) is described by a potential U (xa , xb ) so that the evolution of the vector $x = (xa , xb ) is
determined by −grad(U ).
If we wish to make a mechanical analogy as described in the introduction, the system above describes the motion
of a system with two degrees of freedom of small inertia where particles are moving in a homogeneous and isotropic
medium that is in thermodynamical equilibrium, while the Wiener process describes fluctuations of the medium.
Variations of U represent the work done by the conservative forces acting on the system, and the time is measured
in terms of the energy dissipation rate. Often, isoclines of U are named the “energy landscape” and its critical points
determine the fate of the particle starting from any initial condition. The steady states of the system, in the absence of
the external periodic force and noise, are critical points of U . They represent bifurcation points that can be classified
by considering the eigenvalues of the Hessian matrix evaluated at the steady states: all real positive eigenvalues denote
maxima, all negative minima, some positive saddle points and all zero transcritical points. The existence of the latter
point requires that U is an odd power of the position vector, breaking the reflection invariance of the dynamical
system. In this paper, instead, we wish to preserve this symmetry group implying that the potential must be an even
function. Next, we assume that the absolute maximum of U is located at the origin of the coordinate system so that
it is an unstable state representing a pitchfork point. Furthermore, we require that the potential is limited from above
so that the highest energy in a steady point is the origin itself.
Being U a Morse’s function, its Taylor expansion that preserves the symmetry group of reflection may be written as
1
1
1
U = − (x2a + x2b ) + (x4a + x4b ) − δ x2a x2b ,
2
4
2

(3)

where δ is the coupling constant. At the best of our knowledge the dynamical system associated with this potential
has been studied only for δ > 0 ([4] and [5]).
In principle, δ varies on R; nevertheless, some constraints on its value can be imposed on physical grounds. First,
if δ > 0 the coupling implies a force that increases the instability of the origin, while if δ < 0 the force associated
with (3) is always of a restorative nature. Secondly, for δ = −1, U is invariant for rotation so that there is a limiting
curve surrounding the origin. Other constraints are derived later on.
The dynamical system associated with (3) reads
!
(4a)
dxa = [xa − x3a + δxa x2b + Af cos(ω t)]dt + ε1/2
a dw,
1/2

dxb = (xb − x3b + δxb x2a )dt + εb dw.

(4b)

Eur. Phys. J. Plus (2013) 128: 13

Page 3 of 12

Table 1. Results of the stability analysis for the 9 steady states of the deterministic component of system (4), i.e. without
noise and periodic force, as a function of the coupling parameter δ.

δ>1
−1 < δ < 1
δ < −1

A

B, E

C, F

unstable
unstable
unstable

saddle
saddle
stable

saddle
saddle
stable

Di
(i = 1, 2, 3, 4)
do not exist
stable
saddle

For δ = 0, (4a) is the same equation studied in [3]. Therefore, we know that, for a given ε, ∃Af such that stochastic
resonance occurs, or, in other words, the power spectrum of xa has an amplified peak (> A2f ) at the frequency ω.
Now, we ask whether for δ #= 0 and the same noise variance ε, we can have stochastic resonance for a lower value
of the amplitude Af of the periodic force.
2.2 Steady states and their stability
Consider the steady states of the deterministic component of system (4), i.e. in the absence of periodic force and noise.
$ s ≡ (xsa î, xsb ĵ) are the following:
Denoting with (î, ĵ) the unit vector along xa and xb , respectively, the 9 steady states x
A = (0, 0);
#
"
1
1
;
D1 = √
,√
1−δ
1−δ
#
"
1
1
;
D3 = − √
, −√
1−δ
1−δ

B = (1, 0);
C = (0, 1);
#
"
1
1
;
D2 = − √
,√
1−δ
1−δ
#
"
1
1
D4 = √
;
, −√
1−δ
1−δ

E = (−1, 0);

F = (0, −1);

(5)

Due to the reflection symmetry, the stability analysis of these solutions can be limited to the points lying in the first
quadrant of the Cartesian plane spanned by xa and xb (say A, B, C and D1 ). The stability of each point is here
determined by computing the pair of eigenvalues λ1,2 of the associated Jacobian matrix; these are,

λ2 = 1,
A = (0, 0) → λ1 = 1,





=
−2,
λ2 = 1 + δ,
B
=
(1,
0)
→
λ
1

λ2 = 1 + δ,
C = (0, 1) → λ1 = −2,

#
"


1
1+δ
1


→ λ1 = −2,
.
(6)
λ2 = −2
,√
 D1 = √
1−δ
1−δ
1−δ

It can be noted that A (the origin of the coordinates system) is, for any δ, an unstable steady state along all directions.
Moreover, from (5) and (6) we may deduce that it must be δ < 1 otherwise D1 does not exist and B and C are saddle
points and the system diverges.
For −1 < δ < 1, B and C are saddle points while D1 is a stable point.
For δ = −1, B and C have an eigenvalue zero and one negative. Given that the potential is rotationally invariant,
the only stable solution might be a limit cycle, which is prevented by the gradient nature of the flow.
For −∞ < δ < −1, B and C are stable points while D1 becomes a saddle point. Note that, in the limit for δ → −∞,
D1 → A. Results of the stability analysis are summarized in table 1.
2.3 Transitions among stable steady states
Transitions among stable steady states occur through saddle points along paths in the phase plane that minimize the
energy. Thus, in the potential landscape, particles subjected to a random force will follow a tube around this minimum
path.
To compute these trajectories there are several methods mostly revolving around Freidlin and Wentzell [6] large
deviation functional or to the Fokker Plank equation. Anyhow, for a gradient-type system, such as the one here
discussed, the string method [7] is particularly appealing for its illustrative power. The method consists in: i) iterating
a guess of a discrete, equal length, initial trajectory joining two steady states parameterized by an external constraint;
ii) letting each image evolve under the vector field perpendicular to −grad(U ); and iii) imposing an equal arc length
constraint. The method is based on the observation that at a saddle point the trajectory is tangent to the vector field.
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Fig. 1. Minimum energy paths in the plane (xa , xb ) as a function of the coupling parameter δ obtained applying the string
method to the potential (3). Only paths among steady states in the first two quadrants of the coordinates system are considered
for illustrative purposes. Steady points D1 and D2 are shown for different values of δ.

We notice that this procedure is an important and powerful extension of the steepest descendent method. Then the
ansatz is that the transition rate (i.e., the mean exit time) is just proportional to the exponential of the trajectory
length by the Freidlin and Wentzell action functional. The proportionality constant has, in fact, the dimension of time
and it is related to the curvature of the potential around the steady states (minimum and saddle point).
In the theory of stochastic resonance, it is crucial to know the mean exit time from a minimum to a relative
maximum of the potential (saddle point). One can compute some asymptotic estimates as illustrated by Schuss [8],
or estimate the exit time probability density distribution through a simple extension of the work done by Benzi and
Sutera [9]. These methods, at variance with the string method or other approaches, as the Nudged Elastic Band
method [10], rest on the notion that the exit time and its statistics are related to the eigenvalues of the fundamental
solution of the Fokker-Plank equation. The first eigenvalue is nothing else but the mean exit time while the others,
in descending order, are the moments of its distribution. For sharp defined critical points of the potential, as is our
case (at least for −1 < δ < 1), performing detailed analysis with one method or the other may be a wise effort (but
exaggeratedly so, at least for the purpose of this paper). Thus, we have applied the string method to provide a visual
description of the system behavior as a function of δ. Results for selected values of δ are illustrated in fig. 1.
For 0+ < δ < 1 the minimum energy path connecting D1 to C is approximately an arc of a parabola concave as a
decreasing xb (red line
function of xa with vertex in C (black line in fig. 1). For −1 < δ < 0− , the concavity is towards
√
in fig. 1), while for δ = −1, the parabola degenerates to an ellipses with foci at xa = ±1/ 2. For δ < −1 the parabola
has vertex at D1 and the concavity reverses when the minimum energy path is along a straight line joining C and B
(green and magenta lines in fig. 1).
As already said, the length of these parabolic segments is a measure of the mean exit time from the attraction
domain of the stable steady states. It appears obvious that, for a given noise intensity, stochastic transitions are favored
(and exponentially so) if −1 < δ < 0. As a consequence also a stochastic resonance mechanism must be more efficient
in this interval of δ and, hence, the phenomenon should occur for a lower value of the amplitude of the external periodic
force (that we recall, is acting only along the xa degree of freedom). Thus, it is expected that, in this δ interval, the
stochastic resonance mechanism is considerably amplified compared with δ ≥ 0.
However, some care must be taken to generalize the statement in the full interval −1 < δ < 0. A stochastic
resonance phenomenon requires that the mean exit time τ be of the same order of magnitude of the period of the
external force. This requirement, for a given εa , is achieved if τ ≈ e2|∆U |/εa , where ∆U is the effective potential barrier.
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Fig. 2. Solution xa of system (4) as a function of time for δ = 0 (no coupling). The red line denotes the periodic force multiplied
by a factor 5 for illustrative purpose. Other parameters are: Af = 0.2, ω = 2π/(360 · 200), and εa = (0.18)2 .

Since the minimum energy path calculation suggests that for our system the exit from D1 occurs at the saddle point
C (or B), the fact that the eigenvalues λ2 at both points tend to zero for δ → −1, implies that the effective potential
becomes flat. Therefore, a given noise amplitude, no matter how small, would drive the system across the saddle point
at a rate much higher than the period of the external force, unless both εa and εb → 0 as δ → −1. In the present
paper, we do not intend to study this in greater details since it would defocus the main thrust.
Furthermore, the study of model solutions for δ < −1 is also stretching too far the validity of the model, since in
this range the assumed perturbative nature of δ fails to be verified. Nevertheless, we mention that, in this range of δ,
there are other possibilities for other stochastic resonance phenomena. In fact, not only xa may resonate but also xb
can. This time, the minimum energy path, joining B and C not crossing A, allows this behavior. This range of δ may
produce new phenomena and, regardless the mechanical assumptions underlying the model, it is worth to be studied
per se elsewhere.

3 The stochastic resonance
In this section we study the model response to the periodic force applied to (4a) as a function of the coupling constant δ.
3.1 Case δ = 0
First we set the parameters Af , ω and ε to values so that, according to [3], the stochastic resonance occurs for δ = 0.
It turns out that Af = 0.2 (in the units of xa ), ω = 2π/(360 · 200) (inverse time units) and εa = (0.18)2 . The reason for
the particular choice of ω will be clarified later on. The numerical simulation, obtained by integrating the stochastic
differential equations using the Euler-Matuyama algorithm [11] (for the Wiener process, see [12]), corroborates our
estimate. The result is presented in fig. 2, where the solution of our system is shown for only 10 (over the 20 actually
performed) consecutive cycles of the external periodic force. It is worth noting that in the figure the amplitude of the
periodic force has been multiplied by a factor 5. Thus, the inclusion of the stochastic force (i.e., the thermal fluctuation
of the medium) introduces a 5-fold gain in the solution at frequency ω when compared with the external periodic force
3.2 Case −1 < δ < 1
The question is whether, by including an interaction between modes xa and xb , we can get a larger gain than before
(case δ = 0). There are a few ways to answer this question. We decide to keep the same value for εa as before, to
decrease Af , and find δ so that we have a resonant response on xa . This choice excludes a priori that δ > 0 is a range
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Fig. 3. Solution xa of system (4) as a function of time for δ = −0.3 (negative coupling). The red line denotes the periodic
force applied to (4a) multiplied by a factor 25 for illustrative purpose. Other parameters are: Af = 0.04, ω = 2π/(360 · 200),
εa = (0.18)2 , and εb = 10−3 εa .

for exploration because, if Af is so small that the system does not stochastically resonate for δ = 0, a fortiori cannot
resonate for δ > 0, as it can be seen by the minimum energy path for this case (fig. 1). Studies [4] and [5] offer a
detailed analysis for positive values of the coupling parameter. In the following we consider negative values of δ where
we expect to find a stochastic resonance behavior for smaller Af (compared with δ = 0).
In demonstrating our reasoning, we set Af = 0.04, just about one order of magnitude smaller than before, and the
coupling constant at δ = −0.3. Moreover, we set εb = 10−3 εa . This choice, discussed in the following, is intended to
highlight the role of the saddle point in C in the model behavior and, in particular, the mechanism of amplification
that is a full two-dimensional phenomenon. Numerical results are shown in fig. 3. Clearly xa is in stochastic resonance.
It is worth noting that the gain factor is now about 25; therefore, we have a larger amplification of the input signal
compared with the case δ = 0.
It is interesting to show also the sequence of the onset of the stochastic resonance by letting the constants fixed
to the above values and changing δ through discrete values, namely δ = 0.3, 0.0, −0.3, −0.6. Figure 4 shows the
resulting behavior for xa and the associated motion in the plane (xa , xb ). In fig. 4(e) the periodic force is multiplied
by a factor 25 (red line) for illustrative purpose. By applying the criterion introduced in [9] for stochastic resonance
(i.e. the ratio between the variance of the exit times and the mean exit time, in the time units of the period of the
external force, approaching to zero) over the full 20 periods, the stochastic resonance occurs for δ = −0.3. For the
other considered values of δ the exit time is too long or too short compared with the period of the external force that
resonance cannot occur. The case δ = −0.6 shows a thickening of the minimum energy path that corresponds to the
loss of stochastic resonance. It is worth noting that in this case the stochastic resonance could be recovered through
a rescaling of the noise to take into account the shortening of the path, meaning that the resonant solution always
occurs for an appropriate choice of the external parameters. Of course, a similar behavior would manifest if we chose
initial conditions in the 3rd (or 4th) quadrant.
It should be noted that for −1 < δ < 0 the amplitude of the model response xa is smaller than in the case of the
one-dimensional problem (δ = 0) since the system is now switching between D1 and its symmetric in the 2nd quadrant
D2 , and the projection of D1 along the xa axis is less than 1. Thus, one might argue that the gain obtained for δ = −0.3
is related to the closer position of the steady states D1 and D2 . However, this is not a plausible explanation since in
the present case the external periodic force is about one order of magnitude smaller compared with the traditional
one-dimensional case δ = 0. Moreover, we notice that the exit from a domain of attraction follows closely the minimum
energy path also in the presence of an external periodic force.
Another feature of the model to be noted is that a condition to have the resonant solution is εb * εa . This constraint
may be interpreted either as some anisotropy of the medium where the two degrees of freedom are wandering, or by
thinking that they have different inertia, or both. A consequence of this assumption is that the motion remains bounded
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Fig. 4. Solution xa of system (4) as a function of time and xb vs. xa for −1 < δ < 1: a), b) δ = 0.3; c), d) δ = 0; e), f) δ = −0.3;
and g), h) δ = −0.6. The other parameters are as in fig. 3. The red line in e) denotes the periodic force applied to (4a) multiplied
by a factor 25.

around the saddle point C (say xb = 1) without jumping to its symmetric (F point) through the other saddle point
placed in B. Thus, the motion remains bounded in the first two quadrants.
Moreover, let us remark again how the saddle point nature of the unstable point C plays a fundamental role in this
new stochastic resonance mechanism. In fact, we could project D1 and its symmetric D2 on xa to obtain the following
one-dimensional stochastic differential equation:
*
( )
+
(7)
dxa = xa 1 − (1 − δ)x2a + Af cos(ωt) dt + ε1/2
a dw.

Indeed, (7) has for xa the same steady states of the full system and a lower barrier to cross compared with that for
δ = 0. It could, then, stochastically resonate for a lower Af as well. However, when we integrate (7) for Af = 0.04,
δ = −0.3 and εa = (0.18)2 , no stochastic resonance is found at this noise level (actually not even a transition is
observed during the integration). At variance with (7), in the full system the saddle point introduces a region in the
phase space where the vector field gradient is very weak and the noise may easily overcome the barrier along that
direction. This property is completely missed by eq. (7).
Lastly, we investigate the model solutions applying the same noise level to the two state variables. Setting εa =
εb = (0.18)2 , we get the results shown in fig. 5.
For illustrative purposes, the amplitude of the periodic force in fig. 5(a) has been multiplied by a factor 25. The
stochastic resonance mechanism in xa still holds, though some phase fault at the end of the time series can be noted.
The two attractors are now joined as the phase plane clearly shows. However, no other particular physical insight has
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Fig. 5. Solutions xa and xb of system (4) as a function of time (a and b), and xb vs. xa (c) for δ = −0.3 and εa = εb = (0.18)2 .
The red line in a) denotes the periodic force applied to (4a) multiplied by a factor 25. The other parameters are as in fig. 3.

been gained, except for rendering unitary, up to a constant, the noise matrix, i.e. imposing that the mechanical system
is wandering in an isotropic medium.
3.3 Case δ = −1
For the case δ = −1, the potential U in polar coordinates (r, θ) can be written as
1
1
U = − r2 + r4 .
2
4

(8)

Note that r = 1 is a steady state of the system associated with (8). This means that r is bounded from above,
and therefore the solution of the associated dynamical system is bounded from above as well. This confirms that a
deterministic, unforced limit cycle cannot exist. For a forced system, however, it might happen. One could think that
the solution might be a circle of radius r. However, the minimum energy path tells us that the passage from one to the
next steady state lying along the two Cartesian coordinates must go across points of D type. Therefore, we expect to
observe an elliptical trajectory. Since we are studying system (4) where both periodic and stochastic forces are acting,
it is unclear a priori which of the two is dominating. Therefore, we study each contribution separately.
Let us consider first the noiseless case. We already know from the simulations shown above that by decreasing δ,
and for the same noise level used for δ = 0, the system responds with very rapid transitions across the saddle steady
states. However, when the periodic force is applied without noise we get a forced periodic solution as shown in fig. 6.
In principle, we could choose smaller values of both the amplitude of the periodic force and noise intensity to get
a stochastic resonance phenomenon also in this case. Here, we shall not search for such a combination of Af , ε and
δ. However, we pose a fundamental question. Let γ = γ(Af , ε, δ) be the function such that the system (4) shows the
stochastic resonance phenomenon. Then, is limδ→−1 γ #= 0? In the case of a positive answer, the knowledge of such a
limit would be of great help in implementing the stochastic resonance mechanism as an amplifying mechanism of a
weak external force. In our opinion, if this limit exists, it should be a singular one. Again, the minimal energy path
supports our conjecture. For δ crossing −1, in fact, the minimal path is substantially modified, as shown by fig. 1.
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Fig. 6. Solutions xa and xb of system (4) as a function of time (a and b) for δ = −1 and εa = εb = 0. Other parameters are:
Af = 0.04, ω = 2π/(360 · 200).

Thus, the energy required for crossing D1 , that is a saddle point for δ < −1, cannot be provided neither by Af , by ε,
or by both of them.
This conjecture is further supported by the following numerical experiments. For the sake of simplicity, consider the
case εb * εa and δ = −0.9. Search for A∗f and ε∗ such that we have a stochastic resonance for δ = −0.9. Then change
to δ = −1.1 and use A∗f and ε∗ as previously obtained. If the limit above were not singular, we would expect that
a stochastic resonance behavior would manifest itself in both cases. The results are summarized in fig. 7. Noticeable
facts are: i) the abrupt lost of the stochastic resonance phenomenon as the coupling constant changes from −0.9 to
−1.1; ii) the large gain (about a factor 125) in the system response to the periodic force for δ = −0.9; and iii) the
smaller noise variance.
In so far, we have discussed stochastic resonance for a system of gradient type. Most results should also hold if the
system is of almost gradient type,
,
$ ($
d$x = −∇U
x ) + $l($
x ) dt + ε1/2 dw;

$ ($
,∇U
x ), $l($
x )- = 0,

(9)

with ,·- the dot product.
The general case, however, has been unexplored yet. We wish to shed some light on the case where (9) does not
hold strictly but only in the perturbative sense. Consider, as an example, the following system:
!

dxa = [xa − x3a + δxa x2b + Af cos(ω t)]dt + ε1/2
a dw,

dxb = [xb −

x3b

+

δ1 xb x2a ]dt

+

1/2
εb dw,

(10a)
(10b)

with δ1 = δ + c and c * δ. The vector field in (10) can be decomposed as the sum of a part that is of gradient type
with the same potential U , while the rotational component is $g ≡ (0, 2cxb xa ).
For c * δ, we expect that the solution of (10b) remains very similar to (4b) so that no major changes on the findings
of the present paper should be noticeable. Of course, we verified numerically this statement for c= 0.01 (not shown).
Thus, the mechanism of amplification here introduced survives also in the cases where the rotational component of
the vector field is small. The latter result justifies some not precise statements in [9], though these statements were of
no particular relevance for the purpose of that paper.
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Fig. 7. Solution xa of system (4) as a function of time for: a) δ = −0.9, b) δ = −1.1. The red line in a) denotes the periodic force
applied to (4a) multiplied by a factor 125 for illustrative purpose. The other parameters are: Af = 0.006, ω = 2π/(360 · 200),
εa = (0.07)2 , and εb = 10−3 εa .

4 Climate change and stochastic resonance
The concept of stochastic resonance was originally introduced to provide a viable mechanism for explaining the power
peak in paleo-climate record of the ice age at 105 y. Despite the very weak energy content in this spectral window of
the secular variation of the solar constant associated with the eccentricity variation of the Earth’s orbit [13], the ice
ages seem to oscillate in phase with the orbital forcing with that time scale.
In our opinion, it would be a shortfall of the present paper, if we neglected the climatic implications of the study
performed in the previous section. To cast the problem in the correct framework, let us note that the underlying
physical model in [3] was the one proposed in [14] (see also [15] for a non-gradient-type climate model). Since the
assumptions of this model may be generally not known, we briefly review them in appendix A.
Now let us identify xa with the model temperature in eq. (A.2) and let us suppose that xb be another climate
variable. As above, δ measures their coupling strength. Let us compute the linearized response of the model around a
stable steady state to the external force, say at t = π/ω without noise. Since the period is a multiple of 360 time units,
which, expressed in days, is roughly the annual cycle, we can easily filter it, and ask ourselves to guess the response
of the model nearby a stable steady state at a multiyear time scale. By linear approximation around the stable steady
1+δ −1
) ], the new steady state of the model,
state D1 (at least for −1 < δ < 1), we get, after a time unit Min[(−2, −2 1−δ
−
→
x−
new ≡

"

δAf
Af
,
2(1 + δ) 2(1 + δ)

#

.

(11)

It appears from (11), which is the usual formula for a feedback analysis of a steady state for a sudden change of the
external force from 0 to Af , that positive feedbacks (δ < 0) increase the response, while negative feedbacks act the
other way around (see [16] for a more pertinent application to the climate problem). As we have demonstrated above,
the positive feedbacks are the ones that favor the escape from the basin of attraction of the steady states through saddle
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points (for example, B). Thus, regardless of the apparent short time behavior or the sign of the existing feedbacks
around a steady state, if it is believed that the Earth’s climate has tipping points [17–19], any conclusion about the
climate’s fate will depend on the nature of the “energy landscape” on which its trajectory wanders. Finding such a
landscape may be, though formidable, a necessary task to be performed. We may, in fact, commit ourselves in actions
for preventing unwanted climate changes, and have unwished outcomes.

5 Conclusions
In the present paper we have addressed the consequences of adding another interacting degree of freedom to the
one-dimensional model of stochastic resonance where the vector field is of gradient type, and the rest state is assumed
to be unstable with respect to any perturbation.
We have used the string method to find the minimum energy paths joining stable steady states as a function of
the coupling constant δ. Values of δ and of the amplitude of the periodic force leading to the stochastic resonance
phenomenon are identified.
It is found that in this two-dimensional case the resonance mechanism is favored preserving the reflection symmetry
of the potential. Unexpected very large amplifications are found for −1 < δ < 0. Furthermore, the stochastic resonance
may have a singular limit for particular values of the coupling constant. The mechanism seems to survive also in the
case where the model is not strictly divergent or quasi so; a perturbative rotational component does not change the
occurrence of the stochastic amplification. Implications of such an approach on the behavior of the climate model
studied in [3] for explaining the ice ages transitions have been also outlined.
The mechanism of stochastic resonance for one degree of freedom was experimentally confirmed first for a Schmitt
trigger [20]. As noted by the authors, a trigger, when periodically driven, is not a double-well system, but rather it
performs a hysteresis cycle. In a next paper, we shall show how [20] can be extended to two degrees of freedom and
the gain achievable in this configuration.
We wish to conclude the work with a conjecture. If we add N additional degrees of freedom, the amplitude of
the periodic force leading to an amplification of the model response has a limit different from zero for N going to
infinite, and this limit is independent of the thermal bath of the medium where the system evolves. We believe that
a theoretical and experimental proof of this conjecture might have relevant consequences on the application of the
mechanism of stochastic resonance in many fields.
Support by Max Planck Society (Max Planck Fellow) is acknowledged (KF). Authors acknowledge Prof. Giovanni Jona-Lasinio
for reading and improving the quality of the manuscript. One of us (AS) is grateful to Prof. Michael Ghil for soliciting a talk
at the EGU General Assembly 2012 on the subject.

Appendix A. Energy balance model
The climate model introduced here is an energy balance for the global mean temperature T , which may be formally
written as
(A.1)
f (T, xi ) = 0.
Here each xi is any climate variable that satisfies (2). For xi = 0 we have
f (T, 0) = Rin − Rout =

1
(1 − αp ) S0 − σ T 4 = 0,
4

(A.2)

where αp = 0.31, S0 = 1360 W/m2 , and σ = 5.67 · 10−8 W/m2 K−4 are the planetary albedo, the solar constant,
and Stefan-Boltzmann constant, respectively. As it is well known, (A.2) gives T ≈ 255 K, which is the typical air
temperature at 5 km in the atmosphere. We may relate this temperature to the surface temperature Ts by recalling
that the atmosphere, a fluid heated from below and cooled from above, is gravitationally stable as long as T decreases
with height at some linear rate ≤ 9 K/km (given its specific heat). At present day, for a globally averaged profile,
the rate of decrease of temperature is about 6.5 K/km. Within this hypothesis, Ts ≈ 288 K, i.e. the global mean
temperature observed nowadays. We can rewrite (A.2) for T = Ts provided that αp = αs and add all the other
non-radiative fluxes, which are as large as the others terms; given the highly turbulent nature of the lower atmosphere,
however, these fluxes may be thought, at the time scales considered, as source of noise. Now the equality sign in (A.2)
does not hold anymore and a stochastic equation of the form of (4a) should be used. The rate of change of Ts will depend
on the heat capacity of the under medium (the ocean) which responds to the stirring occurring at the surface while
keeping itself uniform with depth (the thermocline layer). The infrared cooling at the surface (despite its appearance)
is a linear function of the temperature, at least in the range of the observed surface temperatures. Therefore, the
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non-linear nature of f must be provided by the other term, namely the surface albedo. The non-linearity of the albedo
owns its origin, in fact, to the peculiar difference between the albedo of water (note that 70% of the globe is covered by
oceans) and that of ice. It goes from about 0.1 for water to 0.7 for ice. Thus, around 273 K the first term of (A.2) is a
non-linear function of Ts and may have three intersections with the second term of (A.2). Suppose that this is the case,
requiring reflection symmetry with respect to 273 K and, adding noise, (A.2) transforms to (4a) with δ = 0, where
the periodic force is associated with the orbital parameters of secular variations (i.e., by S0 ). Thus, xa is nothing else
that Ts up to some normalizing constants. The reader, in seeking for a xb , may refer to [21] where a list of plausible
variables may be found.
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